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Abstract

This work introduces a novel Proxy Control Barrier Function (PCBF) scheme that integrates barrier-based and Lyapunov-
based safety-critical control strategies for strict-feedback systems with potentially unknown dynamics. The proposed method
employs a modular design procedure, decomposing the original system into a proxy subsystem and a virtual tracking subsystem
that are controlled by the control barrier function (CBF)-based and Lyapunov-based controllers, respectively. By integrating
these separately designed controllers, the overall system’s safety is ensured. Moreover, a new filter-based disturbance observer is
utilized to design a PCBF-based safe controller for strict-feedback systems subject to mismatched disturbances. This approach
broadens the class of systems to which CBF-based methods can be applied and significantly simplifies CBF construction by
requiring only the model of the proxy subsystem. The effectiveness of the proposed method is demonstrated through numerical
simulations.
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1 Introduction

Control Barrier Functions (CBFs) have emerged as a
powerful tool for designing controllers that ensure safety
in the form of set invariance [1,6,11,13,17,18,20,21,24].
When the reference trajectory is outside the safe region
(e.g., the dynamic obstacle is unknown to the offline
motion planning algorithm) or the nominal controller
can lead to unsafe behaviors, CBFs can be employed
as safety filters to alter control inputs in a minimally
invasive manner. Compared with Lyapunov-based safe
control methods such as Barrier Lyapunov Functions
(BLFs) [22] and Prescribed Performance Control (PPC)
[2], CBF-basedmethods offer several advantages, includ-
ing less structural restrictions on constraints and a de-
coupled design of the control objective (via the nominal
controller) and safety specification (via the CBF). How-
ever, despite many recent advances, there are certain
systems that CBFs cannot handle but have been exten-
sively studied by Lyapunov-based methods in the con-
text of stabilizing control design, such as systems with
unknown control directions. This limitation is partly be-
cause CBFs lack some favorable structural properties of
Lyapunov functions, such as positive definiteness. There-
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Figure 1. Illustration of the proposed PCBF control scheme.
The original system is decomposed into two subsystems that
are controlled by CBF-based and Lyapunov-based meth-
ods, respectively. The PCBF method is modular and inher-
its advantages of both CBF-based and Lyapunov-based ap-
proaches.

fore, expanding the system class applicable to CBF-
based safe control design methods warrants further in-
vestigation.

Constructing valid CBFs remains a challenging prob-
lem, especially for complex, high-dimensional systems
or when disturbances and uncertainties are present.
One promising solution is to construct CBFs based
on a Reduced Order Model (ROM) of the full-order
system, which can significantly simplify the CBF con-
struction and the safe control design process [6,17,21].
However, existing approaches either do not consider
disturbances/uncertainties or rely on specific Lyapunov
conditions (for tracking controllers) that are difficult to
satisfy for certain systems.

This paper introduces a Proxy Control Barrier Func-
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tion (PCBF) control strategy that follows a modular
design scheme to integrate CBF-based and Lyapunov-
based methods for strict-feedback systems with poten-
tially unknown dynamics. Specifically, the original sys-
tem is decomposed into a proxy subsystem and a vir-
tual tracking subsystem: the proxy subsystem generates
a safe (virtual) reference trajectory and is controlled
by a CBF-based controller, while the virtual tracking
subsystem is controlled by a Lyapunov-based output-
constrained controller to ensure the boundedness of the
tracking error (see Fig. 1). The modularity of the pro-
posed PCBF method offers enhanced flexibility in con-
trol design, effectively combining the strengths of both
CBF-based and Lyapunov-based approaches. By utiliz-
ing Lyapunov-based tools, the PCBF method extends
applicability to systems that existing CBF-based meth-
ods cannot handle, particularly those with unknown dy-
namics. Furthermore, the CBF design process in the
PCBF method is notably simplified, as the validity of
the CBF does not depend on the full system dynamics,
which allows systems with the same proxy subsystems to
share a common CBF design. Compared to Lyapunov-
based output-constrained control techniques (e.g., BLF
and PPC), the PCBF method retains the advantages of
CBF approaches, enabling a decoupled design of control
objectives and safety specifications while accommodat-
ing more flexible safety constraint structures.

The contribution of this paper is twofold: (i) A PCBF
control design scheme that integrates CBF-based and
Lyapunov-based methods is proposed for strict-feedback
systems with potentially unknown models; (ii) A PCBF-
based control approach is developed for strict-feedback
systems with mismatched disturbances using a new
filter-based Disturbance Observer (DOB). A prelimi-
nary version of the paper appeared in [24] which only
considered Euler-Lagrange systems. This paper extends
[24] by studying the more general strict-feedback sys-
tems and the mismatched disturbance case.

The remainder of this paper is organized as follows: the
motivation and problem formulation are given in Sec.
2, the PCBF scheme is presented in Sec. 3, the DOB-
PCBF-based control strategy is presented in Sec. 4, and
finally, the conclusion is drawn in Sec. 5.

Notation: Given a positive integer i, [i] = {1, 2, · · · , i}.
Given zi ∈ Rni for i ∈ [m], z̄m = [z⊤1 z

⊤
2 . . . z

⊤
m]⊤ ∈

Rn1+···+nm . Given x ∈ Rn, ∥x∥ represents its 2-norm.
Given a function f : R → R, f (i) represented its i-th
derivative. For a square matrix A, λmax(A) and λmin(A)
denote the maximal and minimal eigenvalues of A, re-
spectively. Define R≥0 = {x ∈ R : x ≥ 0}. Consider the
gradient ∂h

∂x ∈ Rn×1 as a row vector, where x ∈ Rn and
h : Rn → R is a function with respect to x. Denote In
as the identity matrix of size n.

2 Motivation and Problem Formulation

2.1 Motivation

Consider a control affine system ẋ = f(x)+g(x)u, where
x ∈ Rn is the state, u ∈ Rm is the control input, and
f : Rn → Rn and g : Rn → Rn×m are known and lo-
cally Lipchitz continuous functions. Define a safe set C =
{x ∈ Rn : h(x) ≥ 0}, where h : Rn → R is a sufficiently
smooth function. The function h is called a CBF of (in-
put) relative degree 1 if supu∈Rm [Lfh+ Lghu+ γh] ≥ 0
holds for all x ∈ Rn, where γ > 0 is a given positive con-
stant, andLfh = ∂h

∂xf andLgh = ∂h
∂xg are Lie derivatives

[1]. When the CBF condition Lfh+Lghu+γh ≥ 0 is in-
corporated into a Quadratic Program (QP), the result-
ing CBF-QP-based controller can formally ensure the
safety (i.e., h(x(t)) ≥ 0 for any t ≥ 0) of the closed-loop
system.

Partly because CBFs lack favorable structural properties
of Lyapunov functions (e.g., positive definiteness), there
are certain systems that CBFs cannot handle but have
been extensively studied by Lyapunov-based methods in
the context of stabilizing control design. Consider the
following Norrbin model for ship steering [9]:

ẋ1 = x2, (1a)

ẋ2 = bu+ θ⊤φ(x2), (1b)

where x1 = ψ ∈ R is the yaw angle, x2 = ψ̇ ∈ R is
the yaw rate, u ∈ R is the rudder angle as the control
input, θ = [− 1

T − α
T ]

⊤, φ(x2) = [x2 x32]
⊤, b = K

T ,
K > 0 is the gain constant, T is the time constant that
can be either positive or negative, and α is the Norrbin
coefficient determined via a spiral test. If an uncontrolled
ship (when u = 0) exhibits straight-line stability (i.e.,
it moves along a straight path), then T > 0; otherwise
T < 0 (see [9] and [10, Section 5.5] for more details).
Thus, θ and b are considered as unknown parameters,
and the sign of b is unknown.

Suppose that the goal is to design a safe controller for sys-
tem (1) with respect to a given safe set C = {x1 : h(x1) ≥
0} with h a continuously differentiable function. To the
best of our knowledge, CBF-based control strategies are
not yet developed for systems with unknown control co-
efficients; if robust CBF methods (e.g., [18]) are applied,
the resulting QP could be infeasible since the sign of
b is unknown. On the other hand, the Nussbaum-gain-
based adaptive control methods have been developed to
stabilize systems with unknown control coefficients [16].
Then, one natural question is: can we combine CBF-
based safe control methods and Lyapunov-based stabi-
lizing control methods, such that we can bring the best
from both worlds to design a safe controller?

Observing the structure of system (1), one may consider
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the system as two subsystems with x2 as the input in
(1a). To design a safe controller, one potential idea is to
design a CBF-based control law for (1a) to generate a
safe reference trajectory for x2 that ensures h(x(t)) ≥ 0
for any t ≥ 0, and a Lyapunov-based output-constrained
controller for (1b) to ensure the boundedness of the
tracking error. In this work, we will systematize this idea
and propose a modular safe control design method for
strict-feedback systems with theoretical guarantees.

2.2 Problem Formulation

Consider a strict-feedback system described as follows:

ẋ = f0(x) + g0(x)z1, (2a)

ż1 = f1(x, z1) + g1(x, z1)z2, (2b)

...

żn−1 = fn−1(x, z1, . . . , zn−1) + gn−1(x, z1, . . . , zn−1)zn,
(2c)

żn = fn(x, z1, . . . , zn) + gn(x, z1, . . . , zn)u, (2d)

where x ∈ Rp, zi ∈ Rpi , i ∈ [n], are state variables,
u ∈ Rq is the control input, f0 and g0 are sufficiently
smooth and known functions, and fi, gi, i ∈ [n], are
sufficiently smooth functions that are possibly unknown.
Define a safe set C as follows:

C = {x ∈ Rp : h(x) ≥ 0} (3)

where h : Rp → R is a sufficiently smooth function.

The problem investigated in this paper is stated as fol-
lows.

Problem 1 Given the system shown in (2) and the safe
set C defined in (3), design a controller u such that the
closed-loop system is safe with respect to C, i.e., h(x(t)) ≥
0,∀t ≥ 0.

The main challenge in solving Problem 1 lies in the pres-
ence of unknown functions fi and gi, i ∈ [n]. To the best
of our knowledge, no safe control design method exists
for system (2) if fi and gi are completely unknown. For
the special case where fi or gi is the sum of a known func-
tion and an unknown disturbance, most existing meth-
ods tend to be conservative because the “worst-case” of
the disturbance is considered. The PCBF method pro-
posed in this paper is based on a modular design scheme
that not only can solve safe control design problems for
a more general class of systems but also offer better con-
trol performance than existing methods. Furthermore,
for many practical systems, it is reasonable to assume
exact knowledge of f0 and g0 (e,g., for Euler-Lagrange
systems, f0 = 0 and g0 = 1). This assumption can be
relaxed, which will be investigated in our future work.

3 PCBF-based Control Design

The PCBFmethod follows amodular design scheme and
consists of three parts: (i) decompose system (2) into a
proxy subsystem and a virtual tracking subsystem, (ii)
design a CBF-based controller for the proxy subsystem
to generate a (virtual) safe trajectory, and (iii) design a
Lyapunov-based tracking controller for the virtual track-
ing subsystem to ensure the boundedness of the track-
ing error. Because the CBF-based and Lyapunov-based
control design are decoupled, the PCBF method offers
flexibility for safe control design as will be shown below.

3.1 System Decomposition

We decompose the strict-feedback system shown in (2)
into the proxy subsystem:

ẋ = f0(x) + g0(x)µ1 + g0(x)e, (4a)

µ̇1 = µ2, (4b)

...

µ̇m−1 = µm, (4c)

µ̇m = ν, (4d)

and the virtual tracking subsystem:

ė = f1(x, e+ µ1) + g1(x, e+ µ1)z2 − µ2, (5a)

z2 = f2(x, e+ µ1, z2) + g2(x, e+ µ1, z2)z3, (5b)

...

żn−1 = fn−1(x, e+ µ1, z2, . . . , zn−1)

+ gn−1(x, e+ µ1, z2, . . . , zn−1)zn, (5c)

żn = fn(x, e+ µ1, z2, . . . , zn)

+ gn(x, e+ µ1, z2, . . . , zn)u, (5d)

where e = z1 − µ1 is the virtual tracking error, ν ∈
Rp1 is the virtual control input to be designed, and
µ1, µ2, · · · , µm ∈ Rp1 are virtual states with the num-
ber m ≤ n a positive integer to be determined. The
initial conditions of the virtual states are selected as
µ1(0) = z1(0) and µi(0) = 0 for i = 2, · · · ,m.

The proxy subsystem (4) consists of dynamics of x and
a chain of integrators, which mainly serve to provide
the explicit forms of the derivatives of µ1 as will be ex-
plained later; the virtual tracking subsystem (5) consists
of error dynamics of e, which is derived from (2b) and
(4b), and equations of z3, z4, . . . , zn. The state variables
x, z1, · · · , zn evolve identically in the original system (2)
and subsystems (4)-(5) when given the same control in-
put u.
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Given the system decomposition shown in (4)-(5), the
safe control design problem for system (2) will be solved
by accomplishing the following two tasks:

• Design a CBF-based control law ν for the subsystem
(4) to ensure h(x(t)) ≥ 0,∀t ≥ 0, under the assump-
tion

∥e(t)∥ ≤ ρ(t), ∀t ≥ 0, (6)

where ρ : R≥0 → R>0 is a predefined smooth bounded
function whose derivatives up to n-th order are
bounded.

• Design a Lyapunov-based control law u for the sub-
system (5) to ensure (6) holds.

As will be explained in the next three subsections, these
two tasks can be accomplished separately, and the con-
trollers constructed for the two subsystems together pro-
vide a solution to Problem 1.

3.2 Proxy Subsystem Control Design

The main difficulty of designing a CBF-based controller
for the proxy subsystem (4) lies in the existence of e,
which is considered as a mismatched disturbance to be
rejected and has a relative degree lower than that of
the virtual input ν, implying it is difficult to completely
decouple e [28]. To address this issue, we define a set of
functions as follows:

bi(µ̄i, ȳi, y0, x, t) = Mi(f0 + g0µ1)−
∥Mig0∥2

2βi
− βi

2
ρ2

+ λibi−1 +
∂bi−1

∂t
+

i−1∑
j=1

∂bi−1

∂µj
µj+1, i ∈ [m], (7)

where

Mi =
1

ξ

i−1∑
j=0

∂bi−1

∂yj

∂h

∂x
yj+1 +

∂bi−1

∂x
, i ∈ [m+ 1], (8)

ξ, βi, λi for i ∈ [m] are positive constants, y0 = χ(h/ξ),
yi = χ(i)(h/ξ) for i ∈ [m], and b0 = y0. Here, χ : R → R
is a Cm+1 function that satisfies χ(0) = 0, χ(τ) = 1 for

τ ≥ 1, and dχ
dτ > 0 for τ < 1 [20]. In Examples 1 and 2

below, the function χ is selected as

χ(τ) =

{
(τ − 1)2⌈

m
2 ⌉+3 + 1, if τ ≤ 1,

1, if τ > 1,
(9)

where ⌈·⌉ denotes the ceiling function.

With these notations, the following theorem presents a
CBF-based control design method for proxy subsystem
(4) to ensure h(x(t)) ≥ 0,∀t ≥ 0, under condition (6).
The proof of this theorem is given in Appendix A.

Theorem 1 Consider the proxy subsystem (4) and the
safe set C defined in (3). Suppose that condition (6)
holds, and there exist ξ >0,λi>0, i∈[m+1], andβi>0,

i∈ [m], such that
(i) for any x ∈ C, Lg0h = 0 ⇒ h ≥ ξ holds;

(ii) for any t ≥ 0,
∑m+1

j=2
βj−1

2

(
d
dt + λj

)
◦ · · · ◦(

d
dt + λm+1

)
◦ ρ(t)2 ≤ Πm+1

j=1 λj holds;

(iii) y0(0) > 0 and bi(µ̄i(0), ȳi(0), y0(0), x(0), 0) > 0 for
i ∈ [m] where bi is defined in (7).
Then, for any x ∈ C and µ1, · · · , µm ∈ Rp1 , the set

KBF = {v ∈ Rp1 : ψ0 + ψ1v ≥ 0} (10)

is non-empty, where

ψ0 =
∂bm
∂t

+

m−1∑
j=1

∂bm
∂µj

µj+1 +Mm+1(f0 + g0µ1)

+λm+1bm − ∥Mm+1g0∥ρ, (11a)

ψ1 =
∂bm
∂µm

, (11b)

with Mm+1 defined in (8). Moreover, any Lipschitz con-
tinuous controller ν ∈ KBF ensures h(x(t)) ≥ 0, ∀t ≥ 0.

Remark 1 The function bi in (7) is specifically designed

to ensure both the non-emptiness of KBF and ḃi−1 +
λibi−1 ≥ bi for i ∈ [m]. This guarantees the implication
bi ≥ 0 ⇒ bi−1 ≥ 0 for i ∈ [m]; consequently, ν ∈ KBF ⇒
bm ≥ 0 ⇒ b0 ≥ 0 ⇔ h ≥ 0. The construction of bi
is achieved by computing ḃi−1 by using the chain rule
and accounting for the worst-case scenario of the virtual
tracking error e. Detailed steps can be found in the proof.
In practice, the explicit expression of bi can be derived
using symbolic computation tools. For the special case
where Lg0h ̸= 0 for any x ∈ C, the conclusion of Theorem
1 remains valid by dropping condition (i) and (ii) and
without using the function χ (i.e., replace functions y0
and yi in (7) with h and 0, respectively). The details are
omitted due to the page limitation.

The safe control law ν in Theorem 1 is obtained by solv-
ing the following convex CBF-QP:

min
ν

∥ν − νd∥2 (12)

s.t. ψ0 + ψ1ν ≥ 0

where ψ0, ψ1 are given in (11), νd is any nominal control
law that is possibly unsafe. Note that this QP is always
feasible by the non-emptiness of the set KBF . Since ν
serves as the control input to the proxy subsystem rather
than the original system (2), the nominal controller νd
is typically not provided directly. The following result
offers a method for designing νd. The proof of this Corol-
lary is given in Appendix B.

Corollary 1 Consider the proxy subsystem (4) and the
safe set C defined in (3). Suppose that the right inverse of
g0 exists for any x ∈ C, condition (6) holds, and xd(t) is a
reference trajectory that is (m+1)-th order differentiable.
Then, the nominal control law νd given as νd = αm+1

will ensure the tracking error x−xd is globally Uniformly
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Ultimately Bounded (UUB), where αm+1 is defined re-

cursively according to α1 = −g†0(k0ϵ0 + f0 − ẋd)− g⊤
0 ϵ0
2c0

,

α2 = ∂α1

∂t + ∂α1

∂x (f0+g0µ1)− ϵ1
2c1

∥∥∂α1

∂x g0
∥∥2−g⊤0 ϵ0−k1ϵ1,

αi =
∂αi−1

∂t + ∂αi−1

∂x (f0+g0µ1)+
∑i−2

j=1
∂αi−1

∂µj
µj+1−ϵi−2−

ϵi−1

2ci−1

∥∥∂αi−1

∂x g0
∥∥2 − ki−1ϵi−1 for i = 3, · · · ,m + 1, with

ϵ0 = x − xd, ϵi = µi − αi for i ∈ [m], and positive con-
stants ki, ci > 0 for i = 0, 1, · · · ,m.

3.3 Virtual Tracking Subsystem Control Design

Control design for the virtual tracking subsystem (5) can
be accomplished by any Lyapunov-based method that
ensures (6) holds, such as BLF [12,16,22] and PPC [2,3].
This flexibility demonstrates modularity of our proposed
approach.

In particular, by leveraging the approximation-free PPC
technique shown in [3, Theorem 2], a “model-free” con-
trol law without the information of fi and gi can be de-
signed, as presented in the following result whose proof is
similar to [3, Theorem 2] and omitted due to page limit.

Proposition 1 Consider the virtual tracking subsystem
(5) with q = 1 and pi = 1, i ∈ [n]. Suppose that (i)
the sign of gi is known and |gi| ≥ bi, i ∈ [n], where
bi > 0 is an unknown constant, and (ii) when m > 1,
µ1 and µ2 (or µ1 and ν when m = 1) are bounded
with possibly unknown bounds. Then, the control law de-
signed as u = ηn will ensure |e(t)| ≤ ρ(t) where ηn

is defined recursively according to ηi = −ki log
(

1+ξi
1−ξi

)
,

i ∈ [n], with ki a positive constant, ξ1 = z1−µ1

ρ , ξi =
zi−ηi−1(z̄i−1,µ1,t)

ρi
(i = 2, · · · , n), and ρi (i = 2, · · · , n)

smooth positive functions satisfying limt→∞ ρi(t) > 0
and ρi(0) > |zi(0)− ηi−1(z̄i−1(0), µ1(0), 0)|.

The control law in Proposition 1 is robust since it does
not rely on the information of fi and gi, i ∈ [n]. Fur-
thermore, because the reference signal in PPC is only
required to be continuously differentiable [3, Assump-
tion 4], one may select m = 1 for the proxy subsystem,
which will result in a simple control design in Subsec-
tion 3.2. However, in this case, the PPC controller tends
to yield large and oscillating control input; see the sim-
ulation results in Example 2. In addition, although we
assume pi = 1 and q = 1, the approximation-free PPC
can be readily extended to multi-input multi-output sys-
tems (i.e., pi, q > 1), as discussed in [3, Remark 2].

3.4 Safety Guarantee of the Overall System

The safety of system (2) can be ensured by combining
the controllers separately designed for the proxy subsys-

tem and the virtual tracking subsystem in the preceding
subsections, as shown in the following result.

Corollary 2 Consider system (2), the safe set defined
in (3), and the decomposition shown in (4)-(5). Suppose
that all conditions of Theorem 1 are satisfied, such that a
Lipschitz continuous controller ν ∈ KBF is given by the
CBF-QP (12). Then, any Lipschitz continuous control
law u that ensures ∥e(t)∥ ≤ ρ(t) for the virtual tracking
subsystem (5) will guarantee h(x(t)) ≥ 0,∀t ≥ 0, for
system (2).

The modular safe control design method offers sev-
eral advantages: i) By leveraging both CBF-based and
Lyapunov-based tools, the proposed method can design
safe controllers for a general class of systems shown in
(2) that cannot be tackled by either tool separately;
ii) Because the proxy subsystem (4) is more structured
than the original system (2), validity of the CBF h can
be verified by a simple condition (i.e., Condition (i)
of Theorem 1), which significantly simplifies the CBF
construction and guarantees feasibility of the CBF-
QP shown in (12) as KBF is non-empty; iii) Different
systems (e.g., Euler-Lagrange systems) with the same
proxy subsystem share an identical CBF design, which
simplifies the whole safe control design process.

Remark 2 Including a chain of integrators in the proxy
subsystem is crucial. Suppose that the proxy subsystem is
selected as ẋ = f0 + g0ν + g0e without integrators where
ν is the virtual control and e = z1 − ν. In this setup,
the CBF design requires the constraint ρ(0) > ∥e(0)∥ =
∥z1(0) − ν(x(0), 0)∥ to be imposed on ν, as Lyapunov-
based output-constrained control necessitates that the ini-
tial state remains within the output constraint. Since ρ(t)
is used in designing ν(x, t), ν must first be constructed
to ensure the safety of the proxy subsystem, followed by
verification of whether the constraint ρ(0) > ∥e(0)∥ is
satisfied. This iterative process complicates the control
design and may lead to scenarios where no control law si-
multaneously meets both the safety requirements and the
constraint ρ(0) > ∥e(0)∥. Moreover, the differentiability
of ν, which is required by most Lyapunov-based methods
for the control design of the virtual tracking subsystem,
is difficult to guarantee as ν is the solution of a QP.
Although this issue can be mitigated by using smooth-
ing techniques as part of the ROM-based method, such
controllers tend to be more conservative than QP-based
controllers and are challenging to construct when multi-
ple safe constraints exist [7,19]. In contrast, the proposed
proxy subsystem formulation (4) can avoid these issues.

Remark 3 In contrast to the modular PCBF design
method, the ROM-based methods involve coupled ROM
safe control design and tracking control design [6,21].
In these methods, the tracking controller must satisfy
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specific Lyapunov conditions (refer to [6, Section 6.1]),
which can be challenging to achieve; for instance, the
Lyapunov condition shown in [6, eqn. (71)] is not sat-
isfiable by either the approximation-free PPC in Propo-
sition 1 or the Nussbaum-based adaptive controller in
Example 1. Furthermore, although the proxy subsystem
includes additional integrators, verifying the validity of
h (i.e., Condition (i) in Theorem 1) is simpler compared
to ROM-based methods (such as the equation above [6,
eqn. (38)]) because f0 is not involved.

Remark 4 Although input constraints are not explicitly
addressed in this work, they could be incorporated into the
design process using techniques from input-constrained
CBFs [4], BLFs [15], and robust control [26]. Specifically,
for proxy subsystems with polynomial dynamics, sum-
of-squares optimization offers a potential approach for
designing CBFs that account for input constraints [27].
We plan to explore this problem in future work.

Remark 5 Similar to PPC [2], the function ρ(t) can
be defined as an exponentially decaying function ρ(t) =
(ρ0 − ρ∞)e−λρt + ρ∞ where ρ0, ρ∞, λρ are positive con-
stants with ρ0 > ρ∞. In practice, choosing smaller ρ0
and ρ∞, along with a larger λρ, reduces the conservatism
of the CBF-QP controller; however, this may lead to
larger control inputs for the PPC/BLF-based controllers.
Therefore, the choice of ρ(t) should carefully balance the
trade-off between improving control performance and lim-
iting the magnitude of the control inputs.

Example 1 Consider system (1) with parameters T =
31,K = 0.5, α = 0.4 as in [9]. Recall that θ and b are
both unknown parameters, which makes the problem un-
solvable by existing CBF methods. The safe set is given

as C = {ψ : π2

81 − ψ2 ≥ 0} that aims to keep |ψ| ≤ 20◦;
the reference trajectory is xd = 30 sin(0.02t) in degrees.
We select ρ(t) = 0.02 and decompose the system into
(4)-(5) where the proxy subsystem is ẋ = µ1+ e, µ̇1 = ν,
and the virtual tracking subsystem is ė = bu+ θ⊤φ− ν.

With parameters λ1 = 6, λ2 = 1, β1 = 20, ξ = π2

81 , one
can verify that all conditions of Theorem 1 are satisfied,
so that ν is obtained by solving CBF-QP (12). We de-
sign a Nussbaum-based adaptive controller u = N(ζ)α

[16], where α = ke − ν + θ̂⊤φ, N(·) is a Nussbaum-

type function, ζ and θ̂ are governed by adaptive laws

ζ̇ = eα
ρ2−e2 and

˙̂
θ = γ−1

1

(
eφ

ρ2−e2

)
− γ2θ̂, respectively, and

γ1 = 10, γ2 = 2, k = 2. By Corollary 2, the safety of the
closed-loop system is satisfied. From the simulation re-
sult shown in Fig. 2, one can see that the trajectory of
ψ indeed stays within the safe region, while the desired
tracking performance is well preserved inside C.

Figure 2. Simulation results of Example 1. The safety is
always respected as the trajectory of ψ stays inside the safe
region whose boundary is represented by the dashed red line.

4 DOB-PCBF Control Design

In this section, we introduce a novel filter-based DOB
and integrate it into the PCBF framework, enabling a
DOB-PCBF-based safe control design scheme that ad-
dresses limitations of existing DOB-CBF methods in
handling strict-feedback systems with mismatched dis-
turbances. The system under consideration is described
as

ẋ = f0(x) + g0(x)z1, (13a)

ż1 = f1(x, z1) + g1(x, z1)z2 + d1, (13b)

z2 = f2(x, z1, z2) + g2(x, z1, z2)z3 + d2, (13c)

...

żn = fn(x, z1, . . . , zn) + gn(x, z1, . . . , zn)u+ dn, (13d)

where x ∈ Rp, z1 ∈ Rp1 , . . . , zn ∈ Rpn are state vari-
ables, f0, f1, . . . , fn and g0, g1, . . . , gn are all known suf-
ficiently smooth functions, d1, . . . , dn represent lumped
unknown disturbances/uncertainties, and u ∈ Rq is the
control input. We aim to design a controller u for system
(13) such that the closed-loop system is safe with re-
spect to the set C defined in (3), i.e., h(x(t)) ≥ 0,∀t ≥ 0.
Note that fi and gi, i ∈ [n] in system (13) can be con-
sidered as the known part of the model with di as the
unknown part - this is different from the “model-free”
problem setting in Proposition 1 where functions fi and
gi, i ∈ [n], in system (2) are assumed to be unknown.

Robust CBF methods that consider the “worst-case”
of disturbances have been developed for disturbed sys-
tems, but their performance tends to be conservative
[11,18]. To mitigate their unnecessary conservativeness,
several DOB-CBF-based control schemes that precisely
estimate and compensate for disturbances are proposed
[8,23,25]. However, for systems whose disturbance rela-
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tive degree is lower than the input relative degree (e.g.,
system (13)), results on DOB-CBF-based control are
still limited. For example, the method in [23] is overly
conservative when the system dimension is greater than
2, and the method in [8] is not applicable to systems
whose input and disturbance relative degrees differ more
than one.

To design a safe controller for (13), we will propose a new
filter-based DOB and the corresponding DOB-PCBF-
based safe control strategy. The following assumption is
standard.

Assumption 1 The derivatives of disturbances di, i ∈ [n],

are bounded, i.e., ∥ḋi∥ ≤ ωi, where ωi is an unknown
constant.

The DOB we use has the following form [5]:

d̂i = si + αizi, (14a)

ṡi =

{
−αi(fi + gizi+1 + d̂i), if i ∈ [n− 1],

−αn(fn + gnu+ d̂n), if i = n,
(14b)

where d̂i is the estimation of di, αi is a positive constant,
and si is the internal state of the DOB, for i ∈ [n]. With

a Lyapunov function V d
i = 1

2e
⊤
d,ied,i, where ed,i = d̂i−di,

one can verify that V̇ d
i ≤ −2κiV

d
i + ωd

i where κi =

αi − νi

2 , νi < 2αi is a positive constant, and ωd
i =

ω2
i

2νi
.

Thus, ed,i is globally UUB.

Following the system decomposition scheme developed
in Section 3, system (13) can be decomposed into the
proxy subsystem shown in (4) with m = n and the fol-
lowing virtual tracking subsystem:

ė = f1 + g1z2 + d1 − µ2, (15a)

ż2 = f2 + g2z3 + d2, (15b)
...

żn = fn + gnu+ dn, (15c)
where e = z1 − µ1 and µi, i ∈ [m], are defined in (4).
The CBF-based control design for the proxy subsystem
follows Theorem 1 under condition (6). We will propose
a new DOB-based control approach for the subsystem
(15) to ensure (6) holds.

The high-order derivatives of d̂i, i ∈ [n − 1], are in-
dispensable for control design because di is a mis-

matched disturbance. However,
˙̂
di is unknown because

˙̂
di = −αied,i and ed,i relies on di. To address this issue,
we propose a filter-based DOB, which can generate al-
ternative disturbance estimation signals that are close
to di and have known derivatives, as follows:

˙̂
dfi,j = −Ti,j(d̂fi,j − d̂fi,j−1) (16)

where j ∈ [n − i], i ∈ [n − 1], d̂fi,0 = d̂i, d̂
f
i,j is the

filtered disturbance estimation, and Ti,j > 0 is a positive

constant. The following lemma shows the convergence
of the filter.

Lemma 1 Consider the DOB given in (14) and the
filter presented in (16). Suppose that Assumption 1
holds. Then the filtered disturbance estimation error
δi = d̂fi,n−i − di, i ∈ [n− 1], is globally UUB.

The proof of the lemma is given in Appendix C. From
Lemma 1 one can see that d̂fi,n−i, whose derivatives up

to the (n− i)-th order are explicitly given, is close to di
in the sense that ∥δi∥ is bounded by a known decaying

function, implying that one can replace d̂i with d̂
f
i,j in

DOB design. Note that the ultimate bound of δi can be
made arbitrarily small by selecting appropriate param-
eters.

The following theorem provides a filtered-DOB-based
controller for the virtual tracking subsystem (15) to en-
sure ∥e∥ ≤ ρ. The control design follows backstepping
[14], and the filtered disturbance estimation error δi is
compensated by virtual control signals.

Theorem 2 Consider system (13), the safe set defined
in (3), and the decomposition given by (4) and (15) with
m = n. Suppose that all conditions of Theorem 1 are
satisfied, such that a Lipschitz continuous controller ν is
given by the CBF-QP (12). Suppose that Assumption 1
holds, the right inverse of gi exists for any x ∈ C and
z1 ∈ Rp1 , · · · , zi ∈ Rpi (i ∈ [n]), the DOB is given in
(14), and the filter is given in (16). If

u=g†n

[n−1∑
j=1

∂τn−1

∂zj
d̂fj,n−j−

n−1∑
j=1

(n−j+1)ϵn

4γfj

∥∥∥∥∂τn−1∂zj

∥∥∥∥2−d̂n−fn
− ϵn
4(κn − σn)

− knϵn − g⊤n−1ln +Nn

]
, (17)

where

τ1=g
†
1

[
ρ̇

ρ
e−k1e−d̂f1,n−1−

ne

4(γf1−σ1)(ρ2−∥e∥2)
−f1+µ2

]
,(18a)

τi=g
†
i

[i−1∑
j=1

∂τi−1

∂zj
d̂fj,n−j−

i−1∑
j=1

(n−j+1)ϵi

4γfj

∥∥∥∥∂τi−1∂zj

∥∥∥∥2−d̂fi,n−i−fi
− (n−i+1)ϵi

4(γfi −σi)
−kiϵi−g⊤i−1li+Ni

]
, i=2, · · · , n−1,(18b)

are virtual control signals designed by following backstep-
ping, κn is defined after (14), ki > 0 (i ∈ [n]), γfi > 0

(i ∈ [n−1]), 0 < σi < γfi (i ∈ [n−1]), 0 < σn < κn, ϵ1 =
e, ϵi = zi − τi−1 (i = 2, · · · , n), l2 = e

ρ2−∥e∥2 , li = ϵi−1

(i = 3, · · · , n), Ni =
∂τi−1

∂t +
∑i−1

j=1
∂τi−1

∂zj
(fj + gjzj+1) +∑i

j=1
∂τi−1

∂µj
µj+1−

∑i−1
j=1

∑i−1
m=j

∂τi−1

∂d̂f
j,n−m

Tj,n−m(d̂fj,n−m−

d̂fj,n−m−1)+
∂τi−1

∂x (f0+g0z1) for i = 2, · · · , n, andµn+1 =

ν, then (6) holds.
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The proof of this theorem is given in Appendix D. Safety
of the closed-loop system (13) with the controller u fol-
lows from Corollary 2 because of modularity of the pro-
posed method.

Remark 6 The DOB-CBF-QP controllers developed in
[8,23] do not compensate for all uncertain terms, and
their performance heavily depends on the availability of
accurate bounds for the disturbances or their derivatives,
which are often difficult to determine in practice. While
choosing sufficiently large bounds can ensure safety, it
may lead to overly conservative control performance. In
contrast, themethod presented in Theorem 2 compensates
for all unknown terms using the filters and does not rely
on the bounds of the disturbances or their derivatives
- this highlights the effectiveness of the modular PCBF
control framework.

Example 2 Consider the following electromechanical
system with mismatched disturbances adopted from [29]:

ẋ = z1, (19a)

ż1 = f1(x, z1) + g1z2 + d1, (19b)

ż2 = f2(x, z1, z2) + g2u+ d2, (19c)

where f1 = −(Bz1 + N0 sin(x))/M0, g1 = 1/M0, f2 =
−(Kbz1+Rmz2)/Lm, g2 = 1/Lm, d1, d2 are external dis-
turbances, and M0, B,N0, Lm, Rm,Kb are physical pa-
rameters whose values are the same as those in [29].
The safe set is C = {x ∈ Rn : −0.5 ≤ x ≤ 0.3}, so
we select two CBFs h1 = x + 0.5 and h2 = −x + 0.3.
For comparison, we implement three methods in simu-
lation: (i) the DOB-PCBF method by utilizing Corol-
lary 1, Corollary 2, and Theorem 2; (ii) the model-free
PCBF-based control law by using Corollary 1, Corollary
2, and Proposition 1; and (iii) the DOB-CBF-QP pro-
posed in [23]. The disturbances are selected as d1 = d2 =
sin(t)+0.2 sin(2t)−0.5 cos(5t)+cos(3t), from which one
can verify that Assumption 1 holds with ω1 = ω2 = 6;
the reference trajectory is xd = sin(t); and the con-
trol parameters for the DOB-PCBF method are β1 =
β2 = 0.05, ρ(t) = 0.8e−10t + 0.05, λ1 = λ2 = 10, λ3 =
15, α1 = α2 = 30, γ1 = 50, θ1 = 10, T1,1 = 100, k1 =
k2 = 10, σ1 = σ2 = 15, ν1 = ν2 = 1. The Symbolic
Math Toolbox in MATLAB is used to compute ψ0, ψ1 in
(11), as well as u in (17) and (18). The simulation re-
sults are presented in Fig. 3, which demonstrates that all
three methods can ensure safety but their tracking perfor-
mance and control input profiles are different: the DOB-
PCBF method has perfect tracking performance with the
smoothest control input profile; the model-free PCBF ap-
proach generates almost identical tracking performance
as the DOB-PCBF method but its control input profile is
more oscillatory; the DOB-CBF-QP approach has a poor
tracking performance compared with other two methods.

Figure 3. Simulation results of Example 2. All three methods
can ensure safety but the DOB-PCBF method has the best
tracking performance and the smoothest control profile.

5 Conclusion

A PCBF safe control design scheme that integrates
Lyapunov-based and CBF-based control approaches is
proposed for strict-feedback systems with potentially
unknown dynamics. Moreover, a DOB-PCBF-based
controller is presented for systems with mismatched
disturbances. Simulation results demonstrate the effec-
tiveness of the proposed method. Future work includes
conducting experimental studies and taking input con-
straints into account.

A Proof of Theorem 1

The proof consists of four steps. We will first show bi in
(7) can be expressed as the sum of three functions, and
then the non-emptiness ofKBF . After that we will show
bm ≥ 0, and bi ≥ 0 =⇒ bi−1 ≥ 0 holds for i ∈ [m].
Finally, we can see b0 ≥ 0 ⇔ h ≥ 0,∀t ≥ 0 from the
definition of b0 and the function χ under (8).

(i) Expression of bi. We claim that bi in (7) can be ex-
pressed as the sum of three functions.
Claim. The function bi defined in (7) can be expressed
in the following form for any i ∈ [m]:

bi = si(x, µ̄i, ȳi) + li(y0) + Ti(t) (A.1)

where si =
∑ni

k=1 φ
k
i (x, µ̄i)ȳ

αk
i

i is a polynomial function

of ȳi for fixed x, µ̄i, li =
∏i

j=1 λjy0 is a linear function

of y0, and Ti = −βi

2 ρ
2 −

∑i
j=2

βj−1

2

(
d
dt + λj

)
◦ · · · ◦(

d
dt + λi

)
◦ ρ(t)2 is a time-varying function. In the ex-

pression of si, ni is a non-negative integer, φk
i is a func-

tion whose form can be uniquely determined, ȳ
αk

i
i =
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y
αk

i1
1 y

αk
i2

2 . . . y
αk

ii
i where ȳi = [y1 y2 · · · yi]⊤ and αk

i =
[αk

i1 α
k
i2 . . . αk

ii]
⊤ is a vector of non-negative integers

satisfying ∥αk
i ∥1 ≥ 1, which implies that φk

i (x, µ̄i)ȳ
αk

i
i

can not be a constant for fixed x and µ̄i.

We will prove the claim using mathematical induction.
For i = 1, from (7) we can rewrite b1 as follows:

b1 = (Lf0h+Lg0hµ1)
y1
ξ
−∥Lg0h∥2y21

2β1ξ2
+λ1y0−

β1
2
ρ2, (A.2)

which implies that (A.1) holds when i = 1.

Now assume that (A.1) holds for i = d ≥ 1. We
only have to prove that (A.1) holds for i = d + 1.

From (8), we have Md+1 =
(

1
ξ
∂h
∂x

∏d
j=1 λj

)
y1 +

1
ξ
∂h
∂x

∑d
j=1

∑nd

k=1φ
k
d
∂(ȳ

αk
d

d
)

∂yj
yj+1 +

∑nd

k=1
∂φk

d

∂x ȳ
αk

d

d . It is

clear that every term in any entry of Md+1 (note
that Md+1 is a vector) can be expressed in the

form of φk
d+1(x, µ̄d+1)ȳ

αk
d+1

d+1 and it can not be a
constant for fixed x, µ̄d+1. It is also easy to ver-

ify that each term in
∑d

j=1
∂bd
∂µj

µj+1 can be ex-

pressed in the form of φk
d+1(x, µ̄d+1)ȳ

αk
d+1

d+1 because

∂bd
∂µj

µj+1 =
∑nd

k=1

(
∂φk

d

∂µj
µj+1

)
ȳ
αk

d

d . Hence, Md+1(f0 +

g0µ1) − ∥Md+1g0∥2

2βd+1
+

∑d
j=1

∂bd
∂µj

µj+1, which is included

as part of bd+1, can be expressed in the form of sd+1.

In addition, since ∂bd
∂t + λd+1bd − βd+1

2 ρ2, which are the

rest terms in bd+1, are equal to
∑nd

k=1(λd+1φ
d
k)ȳ

αk
d

d +∏d+1
j=1 λjy0 −

βd+1

2 ρ2 −
∑d+1

j=2
βj−1

2

(
d
dt + λj

)
◦ · · · ◦

(
d
dt +

λd+1

)
◦ ρ2, one can express the first summation term in

the form of sd+1, consider the second term
∏d+1

j=1 λjy0 as
ld+1 and the sum of the rest two terms as Td+1. Hence,
bd+1 can be expressed as (A.1), which completes the
proof of the claim.

(ii) Non-emptiness of KBF . We will show the non-
emptiness of KBF by proving that ψ1 = 0 =⇒ ψ0 ≥ 0
holds for any x ∈ C and µ1, · · · , µm ∈ Rp1 . First we
claim that ∂bi

∂µi
= y1

ξ Lg0h for i ∈ [m]. For i = 1, this

claim is clear from b1 given in (A.2). Assume that the
claim is true for i = d where d ≥ 1, then, because the
only term in bd+1 including µd+1 is ∂bd

∂µd
µd+1, implying

that ∂bd+1

∂µd+1
= ∂bd

∂µd
= y1

ξ Lg0h and thus the claim is true

for i = d+ 1. Hence, the claim is proved.

Next, invoking (11b), one can see ψ1 = y1

ξ Lg0h. Now

we assume ψ1 = 0, which implies y1 = 0 or Lg0h = 0.
If y1 = 0, one can see that h ≥ ξ from the defini-
tion of χ. Meanwhile, from Condition (i) one can see
that Lg0h = 0 indicates h ≥ ξ for any x ∈ C. Note
that h ≥ ξ implies y0 = 1 and y1 = y2 = · · · =

ym+1 = 0, according to their definitions shown below
(7). Hence, from (A.1) one can conclude bm =

∏m
j=1 λj−

βm

2 ρ
2 −

∑m
j=2

βj−1

2

(
d
dt + λj

)
◦ · · · ◦

(
d
dt + λm

)
◦ ρ2 be-

cause sm is a polynomial of ȳm for fixed x and µ̄m (with
no constant terms), meaning that it equals 0 as yi = 0,
i ∈ [m]. Moreover, invoking (A.1), one can readily ver-
ify that ∂bm

∂x = ∂sm
∂x = 0 and

∑m
j=0

∂bm
∂yj

∂h
∂x

yj+1

ξ = 0,

implying that Mm+1 = 0. Similarly, it can be shown∑m−1
j=1

∂bm
∂µj

µj+1 = 0. Thus, according to (11a) and (A.1),

one can see ψ0 = ∂bm
∂t + λm+1bm = ∂Tm

∂t + λm+1bm =∏m+1
j=1 λj−

∑m+1
j=2

βj−1

2

(
d
dt + λj

)
◦· · ·◦

(
d
dt + λm+1

)
◦ρ2.

From Condition (ii), ψ0 ≥ 0, meaning that KBF ̸= ∅.

(iii) ν ∈ KBF =⇒ bm ≥ 0. One can see ḃm +

λm+1bm = ∂bm
∂x ẋ +

∑m−1
j=1

∂bm
∂µj

µj+1 + ∂bm
∂t + ∂bm

∂µm
ν +∑m

j=0
∂bm
∂yj

yj+1

ξ
∂h
∂x ẋ + λm+1bm ≥ Mm+1(f0 + g0µ1) +∑m−1

j=1
∂bm
∂µj

µj+1+
∂bm
∂t + ∂bm

∂µm
ν+λm+1bm−∥Mm+1g0∥ρ =

ψ0 + ψ1ν. Hence, selecting ν ∈ KBF implies ḃm +
λm+1bm ≥ 0, and thus bm ≥ 0 as Condition (iii) holds.

(iv) bi ≥ 0 ⇒ bi−1 ≥ 0 for any i ∈ [m]. Note that

ḃi−1=
∂bi−1
∂x

ẋ+

i−1∑
j=1

∂bi−1
∂µj

µj+1+
∂bi−1

∂t
+

i−1∑
j=0

∂bi−1
∂yj

yj+1
ξ

∂h

∂x
ẋ

≥
i−1∑
j=1

∂bi−1

∂µj
µj+1 +

∂bi−1

∂t
− ∥Mig0∥2

2βi
− βi

2
ρ2

+Mi(f0 + g0µ1) = bi − λibi−1. (A.3)

Thus, bi ≥ 0 indicates ḃi−1 + λibi−1 ≥ 0, which implies
bi−1 ≥ 0 as bi−1(µ̄i−1(0), ȳi−1(0), y0(0), x(0), 0) > 0.
Hence, b0 ≥ 0, which indicates that h(x(t)) ≥ 0,∀t ≥ 0.

B Proof of Corollary 1

This proof follows the backstepping technique [14]. We

define V0 = 1
2ϵ

2
0 and Vi = V0+

1
2

∑i
j=1 ϵ

⊤
j ϵj where i ∈ [m]

and consider the worst-case of e in virtual control design.

Clearly, V̇0 = ϵ⊤0 (f0 + g0(α1 + ϵ1 + e) − ẋd) =

−k0∥ϵ0∥2 + ϵ⊤0 g0ϵ1 + ϵ⊤0 g0e − ∥g⊤
0 ϵ0∥2

2c0
≤ −k0∥ϵ0∥2 +

ϵ⊤0 g0ϵ1+∥ϵ⊤0 g0∥ρ−
∥ϵ⊤0 g0∥2

2c0
≤ −k0∥ϵ0∥2+ϵ⊤0 g0ϵ1+ c0

2 ρ̄
2,

where ρ̄ = supt≥0 ρ(t). We claim the following inequality
holds for any i ∈ [m− 1]:

V̇i ≤ −
i∑

j=0

kj∥ϵj∥2 + ϵ⊤i ϵi+1 +
ρ̄2

2

i∑
j=0

cj . (B.1)

Indeed, (B.1) holds for i = 1 as V̇1 = V̇0+ϵ
⊤
1

(
ϵ2−g⊤0 ϵ0−

k1ϵ1 − ϵ1
2c1

∥∥∂α1

∂x g0
∥∥2 − ∂α1

∂x g0e
)
≤ −k0∥ϵ0∥2 − k1∥ϵ1∥2 +

ϵ⊤1 ϵ2+
c0+c1

2 ρ̄2. Now assume that (B.1) holds for i = k−1

where k ≥ 2. Since V̇k = V̇k−1 + ϵ⊤k
(
ϵk+1 − ϵk−1 −

ϵk
2ck

∥∥∂αk

∂x g0
∥∥2 − kkϵk − ∂αk

∂x g0e
)

≤ −
∑k

j=0 kj∥ϵj∥2 +

9



ϵ⊤k ϵk+1 + ρ̄2

2

∑k
j=0 cj , (B.1) holds for i = k. Hence, by

mathematical induction, (B.1) holds for all i ∈ [m− 1].

Note that

V̇m
(B.1)

≤ −
m−1∑
j=0

kj∥ϵj∥2+ϵ⊤m−1ϵm+
ρ̄2

2

m−1∑
j=0

cj+ϵm(νd−α̇m)

≤ −
m∑
j=0

kj∥ϵj∥2+
ρ̄2

2

m∑
j=0

cj≤ −χVm+
ρ̄2

2

m∑
j=0

cj , (B.2)

where χ = 2min{k0, k1, · · · , km}. Using the standard
Lyapunov argument, one can see that ϵ0 is globally UUB.

C Proof of Lemma 1

Define Ef
i = [ef⊤i,1 ef⊤i,2 · · · ef⊤i,n−i e

⊤
d,i]

⊤ where ed,i is

defined after (14) and efi,j = d̂fi,j − d̂fi,j−1 for j ∈ [n− i]

and i ∈ [n − 1]. We will demonstrate that δi is globally

UUB by establishing the boundedness of Ef
i .

From (16) we have

Ėf
i = AiE

f
i +Biḋi (C.1)

where Bi = [0 · · · 0 − Ipi
]⊤ and

A =



−Ti,1Ipi
0 · · · 0 αiIpi

Ti,1Ipi
−Ti,2Ipi

· · · 0 0
...

...
. . .

...
...

0 0 Ti,n−i−1Ipi −Ti,n−iIpi 0

0 · · · 0 0 −αiIpi


.

It is easy to check that all eigenvalues of Ai are negative,
so for any γi > 0, there exists a positive definite matrix
Pi satisfying A⊤

i Pi + PiAi = −γiIpi(n−i+1). Define a
candidate Lyapunov function as

V f
i = Ef⊤

i PiE
f
i (C.2)

whose derivative satisfies
V̇ f
i =Ef⊤

i (A⊤
i Pi+PiAi)E

f
i +ḋ

⊤
i B

⊤
i PiE

f
i +E

f⊤
i PiBiḋi

≤ −γi∥Ef
i ∥

2 + 2
√
piωi∥Pi∥∥Ef

i ∥
≤ −γfi ∥E

f
i ∥

2 + ωf
i (C.3)

where 0 < θi < γi, γ
f
i = γi−θi > 0, and ωf

i =
piω

2
i ∥Pi∥2

θi
.

From (C.3) one can conclude that Ef
i is globally UUB,

which indicates that δi is also globally UUB since

∥δi∥ ≤ ∥ed,i∥+
n−i∑
j=1

∥efi,j∥ ≤
√
n− i+ 1∥Ef

i ∥.(C.4)

D Proof of Theorem 2

Note that for i ∈ [n− 1], τi is a function of x,z̄i,µ̄i+1,t,

d̂fj,n−j ,. . . , d̂
f
j,n−i (j ∈ [i]). Define candidate BLFs Vi(i =

2, · · · , n) as

Vi(e, ϵ̄i, Ē
f
i )=Vi−1(e, ϵ̄i−1, Ē

f
i−1)+

1

2
∥ϵi∥2+

i∑
j=1

V f
j , (D.1)

where V1(e, E
f
1 ) =

1
2 log

(
ρ2

ρ2−∥e∥2

)
+V f

1 , V f
i (i ∈ [n−1])

are defined in (C.2), V f
n = V d

n , and V
d
n is defined after

(14). The control design follows the BLF backstepping
technique [22], and the disturbances are compensated by
their estimates presented in (14) and (16).

Clearly V̇1 in the open set Z(t) = {e ∈ R : ∥e∥ <

ρ} satisfies V̇1
(C.3)

≤ e⊤

ρ2−∥e∥2

(
f1 + g1τ1 + g1ϵ2 + d1 −

µ2 − ρ̇
ρe

)
− γf1 ∥E

f
1 ∥2 + ωf

1

(18a)
= e⊤

ρ2−∥e∥2 (−k1e + g1ϵ2 −
δ1)− σ1∥Ef

1 ∥2 −
n∥e∥2

4(γf
1 −σ1)(ρ2−∥e∥2)2

− (γf1 − σ1)∥Ef
1 ∥2 +

ωf
1

(C.4)

≤ − k1∥e∥2

ρ2−∥e∥2 + e⊤g1ϵ2
ρ2−∥e∥2 +

√
n∥e∥∥Ef

1 ∥
ρ2−∥e∥2 − σ1∥Ef

1 ∥2 +
ωf
1 −

n∥e∥2

4(γf
1 −σ1)(ρ2−∥e∥2)2

− (γf1 −σ1)∥Ef
1 ∥2 ≤ − k1e

2

ρ2−∥e∥2 −

σ1∥Ef
1 ∥2 + e⊤g1ϵ2

ρ2−∥e∥2 + ωf
1 . Then, we will show for any

i = 2, · · · , n− 1,

V̇i≤
−k1∥e∥2

ρ2−∥e∥2
−

i∑
j=2

kj∥ϵj∥2−
i∑

j=1

σj∥Ef
j ∥

2+

i∑
j=1

(i−j+1)ωf
j

+ϵ⊤i giϵi+1 (D.2)

One can verify that V̇2 = V̇1 + ϵ⊤2 (ż2 − τ̇1) + V̇ f
1 + V̇ f

2 =

V̇1 + ϵ⊤2
(
f2 + g2τ2 + g2ϵ3 + d2 − ∂τ1

∂x ẋ − ∂τ1
∂z1

ż1 −∑2
j=1

∂τ1
∂µj

µj+1− ∂τ1
∂d̂f

1,n−1

˙̂
df1,n−1−∂τ1

∂t

)
+V̇ f

1 +V̇ f
2

(18b),(C.3)

≤

− k1∥e∥2

ρ2−∥e∥2 − k2∥ϵ2∥2 − σ1∥Ef
1 ∥2 − σ2∥Ef

2 ∥2 + 2ωf
1 +

ωf
2 − (γf2 − σ2)∥Ef

2 ∥2 + ∥ϵ2∥
√
n− 1∥Ef

2 ∥−
(n−1)∥ϵ2∥2

4(γf
2 −σ2)

−

γf1 ∥E
f
1 ∥ + ∥ϵ2∥

∥∥∂τ1
∂z1

∥∥√n∥Ef
2 ∥ −

nϵ22
4γf

1

∥∥∂τ1
∂z1

∥∥2 + ϵ⊤2 g2ϵ3 ≤

− k1∥e∥2

ρ2−∥e∥2 − k2∥ϵ2∥2 − σ1∥Ef
1 ∥2 − σ2∥Ef

2 ∥2 + 2ωf
1 +

ωf
2 + ϵ⊤2 g2ϵ3, so (D.2) holds for i = 2. Assume

(D.2) holds for i = k − 1. Since V̇k = V̇k−1 +∑k
j=1 V̇

f
j + ϵ⊤k (żk − τ̇k−1)

(C.3),(D.2)

≤ − k1∥e∥2

ρ2−∥e∥2 −∑k−1
j=2 kj∥ej∥2 −

∑k−1
j=1 σj∥E

f
j ∥2 +

∑k
j=1(k − j +

1)ωf
j + ϵ⊤k−1gk−1ϵk −

∑k
j=1 γ

f
j ∥E

f
j ∥2 + ϵ⊤k (fk + gkτk +

gkϵk+1 + dk − τ̇k−1)
(18b)

≤ − k1∥e∥2

ρ2−∥e∥2 −
∑k

j=2 kj∥ej∥2 −∑k
j=1 σj∥E

f
j ∥2+

∑k
j=1(k− j+1)ωf

j −
∑k−1

j=1 γ
f
j ∥E

f
j ∥2−

(γfk − σk)∥Ef
k ∥2 + ϵ⊤k

[
gkϵk+1 − δk +

∑k−1
j=1

∂τk−1

∂zj
δj −∑k−1

j=1
(n−j+1)ϵk

4γf
j

∥∥∂τk−1

∂zj

∥∥2 − (n−k+1)ϵk
4(γf

k
−σk)

] (C.4)

≤ − k1∥e∥2

ρ2−∥e∥2 −∑k
j=2 kj∥ej∥2 −

∑k
j=1 σj∥E

f
j ∥2 +

∑k
j=1(k− j + 1)ωf

j −∑k−1
j=1 γ

f
j ∥E

f
j ∥2 − (γfk − σk)∥Ef

k ∥2 + ϵ⊤k gkϵk+1 +

∥ϵk∥
√
n− k + 1∥Ef

k ∥−
(n−k+1)∥ϵk∥2

4(γf
k
−σk)

+
∑k−1

j=1

∥∥∂τk−1

∂zj

∥∥×
∥ϵk∥

√
n− j + 1∥Ef

j ∥ −
∑k−1

j=1
(n−j+1)∥ϵk∥2

4γf
j

∥∥∂τk−1

∂zj

∥∥2 ≤

− k1∥e∥2

ρ2−∥e∥2 −
∑k

j=2 kj∥ϵj∥2−
∑k

j=1 σj∥E
f
j ∥2+

∑k
j=1(k−

j+1)ωf
j +ϵ

⊤
k gkϵk+1, (D.2) holds for i = k. By induction,
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(D.2) holds for i = 2, · · · , n− 1. From (D.1) one can see

Vn=
1

2
log

(
ρ2

ρ2−∥e∥2

)
+
1

2

n∑
j=2

∥ϵj∥2+
n∑

j=1

(n−j+1)V f
j . (D.3)

Meanwhile, it is easy to verify

V̇n≤
−k1∥e∥2

ρ2−∥e∥2
−

n∑
j=2

kj∥ϵj∥2−
n∑

j=1

σj∥Ef
j ∥

2−
n∑

j=1

(n−j+1)ωf
j

≤−k1 log
(

ρ2

ρ2 − ∥e∥2

)
−

n∑
j=2

kj∥ϵj∥2 −
n∑

j=1

σj∥Ef
j ∥

2

+

n∑
j=1

(n− j + 1)ωf
j , (D.4)

where ωf
n = ωd

n, E
f
n = ed,n, ω

d
n and ed,n are defined

after (14), the first inequality follows a similar proce-
dure above, and the second inequality is derived from

log
(

ρ2

ρ2−∥e∥2

)
≤ ∥e∥2

ρ2−∥e∥2 , which holds in Z(t) [22].

Hence, V̇n ≤ −ζVn +
∑i

j=n(i − j + 1)ωf
j , where ζ =

min
{
2k1, · · · , 2kn,minj∈[n−1]

{ σj

(n−j+1)λmin(Pj)

}
, 2σn

}
.

Thus, Vn is bounded, implying ∥e∥ ≤ ρ for any t ≥ 0,
according to [22, Lemma 1].
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