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Abstract—Visual servoing leverages image features as feedback
signals for robotic control, but existing methods generally lack
rigorous formal guarantees for occlusion-free operation. This
article presents a hierarchical optimization-based visual servoing
framework for robotic manipulators that ensures strict occlusion-
free operation in continuous time. The framework integrates a
high-level model predictive control with a low-level control bar-
rier function-based controller. Occlusion-avoidance constraints
are reformulated into differentiable convex constraints via a
vertex-based image representation and a duality-based optimiza-
tion approach, enabling seamless incorporation into the model
predictive control. The control barrier functions are constructed
from the relaxed minimum distance between polytopes, with
distance derivatives computed using the KKT conditions of
the distance problem. The resulting framework simultaneously
achieves target feature-point regulation and continuous-time
enforcement of occlusion-avoidance constraints. Hardware exper-
iments on a Franka Research 3 manipulator validate the real-time
implementability and strict occlusion avoidance of the proposed
approach.

I. INTRODUCTION

Vision-based control has emerged as a powerful paradigm
for robotic systems, enabling interaction with dynamic en-
vironments through direct use of visual feedback. Various
approaches have been developed and implemented across
diverse applications [, [2]], [3], [4], [S], [6]. However, most
existing approaches lack rigorous safety guarantees, which
can result in performance degradation or even catastrophic
failure in safety-critical applications. Several recent works
have focused on developing vision-based controllers with
formal safety guarantees [7]], [8], [9]]. For example, [7]] employs
a learned perception map that predicts a linear function of the
state to design safe sets and robust controllers; however, the
resulting safety regions are restricted to neighborhoods of the
training data, and the smoothness assumptions are rather re-
strictive. The extension in [8]] proposes state-dependent bounds
for convolutional neural network-based state estimation and
synthesizes robust controllers via linear matrix inequalities for
spacecraft guidance, but the safe sets remain small, making the
optimization problem difficult to solve. In [9], the perception
model is approximated by piecewise affine functions, yet
quantifying the relationship between the real and approximate
models remains an open challenge.

Among vision-based control strategies, visual servoing,
which uses image features as feedback signals for control,
is a well-established and widely adopted framework with
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Figure 1: Architecture of the proposed hierarchical
optimization-based visual servoing framework for robotic
manipulators designed to ensure occlusion-free operation in
continuous time.

a rich history [10f], [1L], [12]. Its structured formulation
facilitates the systematic development of rigorous guarantees.
Visual servoing is typically divided into position-based visual
servoing (PBVS), which reconstructs 3D pose information, and
image-based visual servoing (IBVS), which regulates image
features directly without explicit 3D reconstruction. Compared
to PBVS, IBVS avoids solving nonlinear pose estimation
problems online, offering greater computational efficiency and
reduced sensitivity to calibration errors [10]]. These advantages
make IBVS particularly well-suited for applications demand-
ing real-time performance or where precise calibration is
challenging.

Despite significant progress, most IBVS algorithms are
not designed for complex environments where targets may
be occluded. In safety-critical applications such as surgical
robotics [13], even brief visual occlusion is unacceptable.
To address this challenge, several occlusion-free IBVS meth-
ods have been proposed using optimization-based control
approaches [14], [15l], [L16], [17], [L8], [19]]. For example,
[14] introduces a convex optimization-based controller that
enforces occlusion-avoidance constraints in the image space
for shared teleoperation of dual-arm robots, and [[15]] develops
a model predictive control (MPC)-inspired online replanning
strategy for quadcopters that avoid collision and occlusion
by solving a sequence of nonlinear optimization problems
using differential flatness and B-splines. More recently, control
barrier function (CBF)-based methods have gained attention
for occlusion avoidance because they provide strict safety
guarantees and integrate seamlessly into convex quadratic



programs (QPs). For instance, [16] integrates probabilistic
CBFs with MPC to account for feature point measurement
noise; [17] leverages scaling functions and CBFs to formulate
differentiable occlusion-avoidance constraints that preserve the
geometry of occluding objects and reduce conservatism; and
[18] introduces an occlusion-free controller for orthopedic
surgical robots using visual cone models and discrete CBFs
within an MPC framework. While CBF-based methods ensure
real-time constraint satisfaction, they are inherently myopic
and lack long-term optimality. In contrast, MPC-based ap-
proaches utilize predictive models to achieve better long-term
performance but impose heavy online computational burdens
and cannot guarantee continuous-time occlusion avoidance,
since constraints are enforced only at discrete time steps.

In this article, we present a hierarchical optimization-
based visual servoing framework for robotic manipulators
that ensures occlusion-free operation in continuous time. The
framework integrates two main components: a high-level MPC
and a low-level CBF-based controller (see Figure [I). The
high-level MPC regulates target feature points and generates a
nominal reference input, while the low-level controller strictly
enforces occlusion-avoidance constraints. This hierarchical
design inherits the advantages of both MPC and CBFs. The
main contributions of this work are summarized as follows.

o We reformulate the occlusion-avoidance constraints as
differentiable convex constraints by leveraging a vertex-
based image representation and a duality-based optimiza-
tion approach. This reformulation enables the design of
an MPC problem that regulates target feature points while
enforcing occlusion avoidance in discrete time.

e We design a CBF-QP-based controller that strictly en-
sures the occlusion avoidance in continuous time while
tracking the MPC reference input. The CBFs are con-
structed from the relaxed minimum distance between
polytopes, with distance derivatives computed using the
Karush—Kuhn—Tucker (KKT) conditions of the corre-
sponding optimization problem, and their validity estab-
lished via nonsmooth analysis.

o« We experimentally validate the proposed hierarchical
framework on a Franka Research 3 manipulator, demon-
strating occlusion-free visual servoing and real-time im-
plementability. Extensive comparisons highlight the ef-
fectiveness and advantages of the approach.

The remainder of this article is organized as follows. Sec-
tion [[I] introduces the preliminaries and problem statement.
Section presents the duality-based representation of im-
age occlusion-avoidance constraints and the high-level MPC.
Section describes the CBF-QP safety filter that strictly
enforces occlusion-avoidance constraints. Section |V| reports
experimental results on a Franka Research 3 manipulator
equipped with an Intel RealSense camera. Finally, Section
concludes the article.

Notation. For a positive integer n, denote [n] =
{1,2,---,n} and [0,n] = {0,1,2,---,n}. For a vector
x € R, let x; denote its i-th entry, [|z|| its 2-norm,
|zl = v/« T Qx where @ is a positive definite matrix, and
x > 0 elementwise nonnegativity, i.e., z; > 0 for any ¢ € [n].

Denote by I,, the n x n identity matrix and by 1, the n-
dimensional column vector with all entries equal to 1. For
a matrix A € R™*™, let A;; denote its (¢,7)-th entry and
| A|| its Frobenius norm. Denote diag(ay, as, -+ ,a,) € R?**"
as the diagonal matrix with entries a1, a2, - ,a, € R, and
blkdiag(A1, As, -+, A,) as the block-diagonal matrix with
diagonal blocks A;, As,--- , A,, which need not be square.
For a scalar function h : R™ — R with respect to € R", the
gradient % € RYX" is considered a row vector. For a vector-
valued function f : R™ — R™ with respect to z € R”, %
denotes its Jacobian matrix, whose (i, j)-th entry is ng;. Given
n points p1,pa,--- ,pn € R™, their convex hull is defined as
conv(py, - - -

Pn) = {0 i A >0, N =1}

II. PRELIMINARIES & PROBLEM STATEMENT

In this section, we introduce the necessary preliminaries
(camera model, vertex-based representation of object images,
and CBFs) and then formulate the problem investigated in this
work.

A. Camera Model

Consider a point P = [r,y,2]T € R? in the camera
coordinate frame, and let n = [u, uy]T € R? denote the image
coordinates of its projection. By the perspective projection
model [10]], the image coordinates are given by

f{w
=1,

where f is the camera focal length. By augmenting 7 with z,
we define the augmented state as

]T

} € R?, (1)

Uy

= |Uy
z

e R3. (2)

Its dynamics are given by [20]

v

n=J@) || - S, 3)

where v € R? and w € R? denote the translational and angular
velocities of the camera in the camera frame, respectively,
w € R3 is the feature point velocity in the camera frame, and

—f Uy
z 'Z
Sm={0 L “], (4a)
| 0 0 -1
r_f . Uau 2l
-z 0 N y2 7 W
7)) — f u fo+u Up U X
Jm={0 -L i (4b)
_ _dy=< Uz Z
| 0 0 1 i i 0
For notational convenience, we denote
V= [U] € RS
w

as the concatenation of the translational and angular velocity
vectors, and rewrite (3) equivalently as

in=JmV - S(nw. (&)
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Figure 2: Illustration of the vertex-based representation of
target and occluding object images. The target object (cyan)
and two occluding objects (blue) are over-approximated by the
convex hulls (red edges) of their corresponding feature points
(green dots): T C conv(nd, -+ ,n3), Q1 C conv(ni,--- ,n?),

and Qy C conv(nd, - ,n3).

B. Vertex-Based Representation of Object Images

In computer vision, an image feature refers to any structural
attribute extracted from an image, and a good feature point is
one that can be located unambiguously across different views
[10]. In this work, the images of the target and occluding
objects are assumed to be over-approximated by the convex
hulls of their respective feature points.

Let n{y € R? denote the image coordinates of the i-th feature
point on the target object, where i € [Ny] with Ny € Z~o;
let 77§ denote the image coordinates of the i-th feature point
on the j-th occluding object, where i € [N;],j € [M] with
N;, M € Z~. Denote by T the image of the target object and
by O; the image of the j-th occluding object. Then,

TQCOHV(Wé»"' 7776\’0)%@7
0; C COHV(T]Jl»,--- ,nj-vj) £0,, je[M],

(6a)
(6b)

where conv(-) denotes the convex hull operator (see Figure
|Z[). Note that Ny and N; may vary depending on the specific
image processing algorithm used to extract the feature point
coordinates. Nevertheless, the control framework presented in
Sections [[T] and [TV] remains valid as long as (6) holds.

In contrast to existing approaches that rely on the half-
space representation (H-rep) of convex polytopes [17], [21]],
we adopt the vertex representation (V-rep) [22] in our control
framework. This choice offers several advantages: it aligns
directly with image data, enhances numerical robustness, and
enables a differentiable formulation. More detailed discussions
are provided in Section |lII

C. Control Barrier Functions

Consider a control affine system & = f(x) + g(z)u, where
x € R™ is the state, u € R™ is the control input, and f : R™" —
R™ and g : R®™ — R™ ™ are known and locally Lipchitz
continuous functions. Define a safe set

C={z eR":h(z) >0}, (7

where h : R® — R is a sufficiently smooth function that

satisfies %(x) # 0 for all h(z) = 0. The function A is called

a CBF of relative degree 1 if sup,cgm [Lsh + Lghu + vh] >
0, Vz € R”, where v > 0 is a given positive constant, and
L¢h = % fand Lgh = %g are Lie derivatives [23]. When
the CBF condition Lsh + Ljhu + «vh > 0 is incorporated
into a Quadratic Program (QP), the resulting CBF-QP-based
controller can formally ensure the safety (in the sense of
forward invariance of C) of the closed-loop system.

D. Problem Statement

Consider the robotic manipulator described as

D(q)§+C(q,4)q + G(q) = T, ®)

where ¢ € R™ is the joint angle, ¢ € R™ is the angular
velocity, 7 € R"™ is the control input, D : R™ — R™"*"™ is the
inertia matrix, C' : R” xR™ — R™*" is the Coriolis/centripetal
matrix, and G : R™ — R" is the gravity term [24].

The problem addressed in this article is formally stated as
follows:

Problem 1: Consider a robotic manipulator equipped with a
camera at its end-effector, where the robot dynamics are given
by (8) and the visual dynamics by (5). The goal is to design a
control law for the robot that achieves the following two tasks
simultaneously:

1) Target feature points regulation: The image coordinates
of all feature points on the target object, 75 € R?, are
regulated to their desired values, 7; 4, i.€.,

o (t) = m.a(t) as t — 0o, Vi € [No]. ©)

2) Occlusion avoidance: Visual occlusion with any of the M
occluding objects is avoided during the execution, i.e.,

Ot)NT;(t) =0, vVt >0,Vj € [M]. (10)

We propose a hierarchical, optimization-based, and
occlusion-free visual servoing framework to solve Problem [T}
As illustrated in Figure [T} the control scheme comprises two
main components: a high-level MPC (Section [[TI) and a low-
level CBF-based controller (Section [IV). The high-level MPC
ensures target regulation and provides a desired input to the
CBF-based controller, while the low-level controller strictly
enforces occlusion-avoidance constraints. The reference veloc-
ity generated by the CBF-based controller is then tracked by a
standard Cartesian velocity controller to yield the final control
input 7 for the robot.

III. HIGH-LEVEL MPC VIiA DUALITY-BASED
OPTIMIZATION

In this section, we present an MPC as the high-level control
scheme of the hierarchical framework, which generates the
desired Cartesian velocity in discrete time, enabling the robot
to regulate target feature points (Task 1 of Problem [I)) and
avoid visual occlusion. By leveraging a vertex-based repre-
sentation of object images and duality theory in optimization,
the nonsmooth distance constraints are reformulated as smooth
functions that can be seamlessly incorporated into the MPC.



The discrete-time MPC model of the visual dynamics is
obtained by applying explicit Euler discretization to (3). For
the i-th feature point on the j-th object, the dynamic model is

i (k+1) = 73 (k)+TJ (7, (k) V (k) =TS (7} (k) )w (k), (11)

where k is the discrete time step, 7' is the sampling period,
and 77;- and wé— are the augmented state and velocity of the i-th
feature point on the j-th object, respectively. Recall that j = 0
in 7’ corresponds to the target object, while j € [M] indexes
the occluding objects. The feature point velocity w’ must be
estimated over the prediction horizon (see Remark [I)).

We use the distance between sets to formulate the occlusion-
avoidance constraints O(¢) N T;(¢t) = () shown in (I0). The
distance between the target object and the j-th occluding
object is defined as

d(T,0;) =min{|lz —y|| : x € T,y € O }. (12)
It is obvious that d(T,Q;) > 0 implies O(¢t) N T,(t) = 0.
With the vertex representations of the convex hulls defined
in (6), the distance d(T,Q,) can be obtained by solving the
following optimization problem:

d(T,0;) = min_[|6] (132)

st a>0,8>0, (13b)

1&a:1J&B:L (13¢)

Ta — A5 =6, (13d)

where o € RM, 3 € RMi, and # € R? are decision variables,
L= [0, 15, >3]y (14)
Aj=[nhnd ], € (M. (15)

Since d(T,Q;) > d(T,0;), the occlusion-avoidance con-
straints Q(t) N T;(t) =  shown in (I0) can be relaxed to
d(T,0;) > 0. We add a safety margin so that the relaxed
occlusion-avoidance constraints are given as

d(Tv(@]) Z dmin; (16)

for any j € [M], where dp,i, > 0 denotes the safety margin.
However, condition cannot be directly incorporated in
an MPC since d(T,Q;) involves solving the optimization
problem (T3)) and its Jacobian and Hessian are hard to obtain.
To address this issue, inspired by [25], we formulate a set of
differentiable constraints to enforce the occlusion-avoidance
constraints @, as shown in the following theorem.
Theorem 1: The occlusion-avoidance constraint (I6) is
satisfied if there exist \; € RNo, M € RN, &, € R,
and v; € R? such that the following conditions hold true:

_fj - Cj > dmin, (17a)
Aj = 0,5 20, (17b)
vj v <1, (17¢)
Ty — A+ &1y, =0, (17d)
—AJ v — pj + Gy, =0. (17e)

Proof: The Lagrangian of optimization problem (I3) is
L(Ajvujafjayj,gjvaaﬂve) = HQH - )\;I'a - ,u;rﬁ

+&(y,a—1)+ GAN,B—1) +v) Ta—A;8—0).
Therefore, the Lagrange dual function is
9N, 115 &5 v5, G) = 1nf LA 55,5, G, B, 0)
==& =G +inf ([l6]l —v;'0)
+dgﬂu?F——A}4—@l}Qa

+§pﬁM—@+m&m

Note that infy (||0]] — v/ 6) = —f*(v) where f(6) = [|0]
and f* is the convex conjugate. Since the conjugate of the
norm is the indicator function of the unit ball of the dual
norm, we have f*(v) =0 if ||v;|| <1 and 400 if ||y;] > 1,
which implies infy (||6]] — VJTG) = 0 if ||y]] < 1 and —o0
if ||lv;]] > 1. It is clear that infa(l/;rl" — /\;r + fjlxo)a =0
if V]TF — )\;r + @-1}0 = 0, and —oo otherwise; similarly,
infs(—v] Aj—p] +G15,)8 = 0if —v] Aj—p] +¢1y. =0,
and —oo otherwise. Therefore, the dual problem of is
max

WHORINGRZ: A
s.t. Aj > 0,05 >0,
vl < 1,
v]T =\ +&13, =0,
v Ay = + Gy, =0.

dj = (18)

Thus, the conditions in imply JJ— > dmin- By the weak
duality, d(T,Q;) > d;j > duin. This completes the proof. [

In contrast to existing works [17], [25], which employ the
H-rep of polytopes for occlusion constraints, Theorem [I] es-
tablishes equivalent conditions using the vertex representation.
The V-rep offers several important advantages over the H-rep
for handling the image-based occlusion avoidance.

e Direct compatibility with image data: Image processing
algorithms typically provide only the pixel coordinates
of feature points, which usually correspond to boundary
points. Using V-rep eliminates the need of computing
half-space conversion, which can be computationally ex-
pensive.

o Numerical robustness: H-rep can suffer from numerical
issues when some feature points lie inside the poly-
tope, potentially leading to redundant or ill-conditioned
constraints. In contrast, V-rep is less sensitive to such
degeneracies.

o Differentiability and analytical convenience: If the H-rep
of the target object’s image is expressed as {n € R? |
A, ) < b(mb,...,m3°)}, then the gradients

of A and b are difficult or impossible to compute, posing
a significant challenge for CBF-based control design. V-
rep avoids this issue by maintaining a smooth and direct
dependence on the coordinates of feature points.

By incorporating the dual-form safety constraints in
discrete time, we formulate the MPC shown in (19) to
regulate the target feature points to their desired values. In
(194), the positive definite matrices @, R, @y penalize the
stage states, control inputs, and terminal states, respectively;



N—-1 No

No

_ min DO i)z = ng alldy + IV (IR IR) + D N7 (N 812 — nh allér (19a)
Vo), = P
gjn,7Cjn7an~,)\jn7/l‘jn}7
j€[0,M],i€[N;],n€[0,N]
St 7 (0lk) = 71 (k), j € [0, M), i € [N, (19b)
5 (n + 11k) = 75 (n[k) + TJ (755 (n|k))V (n|k)
_TS(UJ(n|k)) ;(k) .7 € [07M]ai€ [Ni]7n€ [OaN]a (190)
—&jn = Gin = dmin, J € [M],n € [N], (19d)
Ajn 2 0, pjn 2 0, [[yjnll < 1 j € [M],n € [N], (19)
r, nVin — )\jn +£jn1No =0, j¢€ [M]a € [N]a (199)
A]nl/]n jn + Cjnle =0, j€ [M]an € [N]a (19g)
Vinin < V(nlk) < Vinax, n € [0, N], (19h)
Nenin < 76(2[k) < Thmax, n € [0, N1, € [No). (193)

[75(n]k)]1.2, which is equal to n(n|k), represent the im-
age coordinates of the i-th feature point on the target; and
77(")701 is the desired image coordinates of the target. Con-
dition specifies the initial condition of 7;; condition
is the system dynamics constraint from (II)); condi-
tions (T19d)-(19g) impose the occlusion-avoidance constraints
from (T7); condition (I9h) bounds the control inputs, where
Vinins Vmax € RS denote the minimum and maximum end-
effector velocities; and condition imposes the field-
of-view constraints, where 7Nmin,max € R? denote the
bounds on the pixel coordinates of target feature points. The
term I',, in (I9f) and A, in (I9g) are defined accordmg
o (@) and (&) T = [ng(nlk), 15 (nlk), -~ 15" (nlk)],
Ajn = [n}(nlk),n?(nlk), -~ )" (n|k)], and the term W}
in denotes the estimated velocity of the i-th feature
point of object j. In the MPC problem (I9), the total num-
ber of constraints is 6 + 5Ny + 3NoN + (4 + Ng)M N +
(3+4N) Zf\il N;, and the number of decision variables is
N (6+ (4+ No)M + Zf\il Ni>; therefore, the problem size
of (19) scales polynomially with respect to the number of
vertices, occluding objects, and the prediction horizon.

The MPC problem (I9) is solved in a receding horizon
manner at each discrete time step. At time k, the end-effector
velocity V(0]k) obtained from (19) is provided to the low-
level CBF as the nominal input V;,p,c. Although the occlusion
constraint (T6) is enforced only at discrete time instants in
(19), its continuous satisfaction is ensured by the low-level
CBF condition, which will be described in Section

Remark 1: In practice, we assume that the estimated
velocity w; in remains constant over the prediction
horizon and determine its value from the measurement of 7;.
Below, we present two methods for estimating w using the
state measurement 7 based on the visual dynamics ().

Extended Kalman Filter (EKF). Note that the visual dynam-
ics (3) can be discretized and reformulated as

{?7(’”1)] _ {U(k)JrTJ(U(k))V(k)—TS(n(k))w(k)
w(k+1) w(k) + Tw(k) ’
y(k) = n(k),

where T' is the sampling time, w(k) is the state variable to
be estimated, y(k) is the output measurement, and w(k) is
treated as process noise. An EKF can then be deployed to
simultaneously estimate 77 and w.

Disturbance Observer (DOB). Suppose that the acceleration
of the feature point satisfies ||w| < W, where W > 0
is a constant, and that z(¢) # 0 for any ¢ > 0. These
assumptions are mild and readily satisfied in practice. Under
these conditions, the DOB from [26] can be employed to
obtain w as the estimate of w,

W =m + ap,
= —aLa (J@)V — S@)0),

where o > % is a constant, and

UgpZ Uy T _§ 0 _?
p:[_ f 7—%,—2} de* 0 _? _Ty
0 0 -1

We define the estimation error as w = W —w and consider the
candidate Lyapunov function V= 2@% It follows that V =
—aw "W — 0T < w W+ [[o|W < — (a—3) o] +
WT2 —(2a— 1)V 4 2
ultimately bounded [27]

The two methods above each have their advantages and
limitations. With a sufficiently high measurement update fre-
quency, the DOB can estimate w accurately, and its estimation
error bound is known and can be incorporated into the control
design. However, in our experiments, the camera update rate
is limited to 30 Hz, resulting in insufficient estimation accu-
racy. By contrast, the EKF performs well empirically, but its
estimation error cannot be explicitly quantified.

Remark 2: The optimization problem may become
infeasible, particularly when the distance between the tar-
get and occluding objects approaches d,i,. To address this
issue, we introduce slack variables ¢;(n|k), which satisfies
0 < 6;(n|k) < dmin, into constraint (I9d), reformulating it as

7€J(n|k) - <j(n|k) 2 dmin -

, which implies that w0 is uniformly

§;(nlk). (20)



A quadratic penalty term pd;(n|k)?, with p > 0, is then
added to the objective function (19a). While this relaxation
may allow occlusion when MPC is applied alone, occlusion
avoidance is still guaranteed under the proposed hierarchical
control framework, as the low-level CBFs strictly enforce the
occlusion-avoidance constraints.

The variable z in (@) appears in the denominators, which
introduces strong nonlinearities into the model. In practice,
however, the depth typically varies slowly relative to the
MPC update rate, resulting in only small variations over a
single MPC horizon. Therefore, treating z as fixed within
each MPC iteration provides a reasonable local approximation.
Specifically, upon receiving state feedback and initiating the
MPC computation, the control sequence V' from the previous
iteration is used to forward propagate a sequence of z via the
visual dynamics (B). Then, in (I9), the values z(n|k), n € [N],
are set to this sequence and treated as known constants rather
than decision variables.

Remark 3: Condition (I0) is sufficient but not necessary
for avoiding occlusion in practice. The resulting conservatism
arises from the simplified convex geometric representation and
the imposed strict separation assumptions. In future work,
we plan to extend our method to mitigate this conservatism
in the occlusion-avoidance condition, while preserving the
theoretical rigor and computational tractability of the proposed
framework.

IV. Low-LEVEL CBF-QP-BASED SAFE CONTROL

In this section, we present a CBF-QP-based controller as the
low-level scheme of the hierarchical framework, which strictly
enforces the occlusion-avoidance constraint @ forall £t >0
in continuous time, thereby achieving Task 2 of Problem [T}

We consider the image coordinate dynamics of the i-th
feature point on object j from (3)),

nj = J(m5)V = 5(775)wj,

where 7% € R* denotes the image coordinates defined in (),
and J(77/) and S(7}) consist of the first two rows of .J (77 )
and S (ﬁf ), respectively, from (@). Compared with the model
() used for the MPC design, the model (2I) excludes the
dynamics of z since they are not required in the CBF design.
To compactly express d(T, Q;), the distance between T and

O, we define the vector obtained by concatenating all feature
points of T and O,

2y

NoT 1T

5o ?77] NjT]T € RQ(NO+N‘7)'

nj= [n(%T?" a"'777j

From (2I)), the dynamics of 7, can be expressed as

1 = J;(7;)V = S;(n)wy, (22)

where 7, = (75T, g i,y )T € RENOHN),
Jo- 0 ! N

Jj = [J(n(%)—rl 7J(77(Z)VO_)T7J(77]1‘_T7"' 7J(77_]);]T’

S;(n;) = blkdiag(S(ng), -+, S®m°), Sm}), -+, S(1;7)),

and w; = [w§ ', ,wéVOT,wjl-T,"' swi? T g e [M].

We aim to design CBFs that ensure the occlusion-avoidance
constraints for all ¢t > 0 and j € [M]. However, d(T, O;)
is computed by solving the optimization problem (13)), whose

objective function is not strictly convex. This leads to a non-
unique minimizer and a non-Lipschitz continuous distance
function, which poses challenges in computing the gradient
of d(T,0;). To address this issue, we define the following
function hj(n;) for any j € [M]:

ﬁj(nj) = mﬁi{r}) 070+ d6a"a+8,8"8 (23)

st (I36) - (39,

where 01,02 > 0 are positive constants representing the
penalty weights. It is clear that h; > d(T, Q,)2. Furthermore,
although fzj can be shown to be Lipschitz continuous with
respect to 7;, it may be nondifferentiable at points where
the strict complementarity condition fails for the optimization
problem [28]]. To address this issue, we employ nons-
mooth CBF techniques [29], [30].

For a set A, define P(A) = P(A)\A, where P(A)
denotes the power set of A. Given two sets Z, €
P([No)),Zs € P([N;]), and any j € [M], we define a function
Fj(nj; Lo, Ip) as

Fi(M;Za,Zs) = min 00+ 610" a+ 6878 (24a)

a,f,

st. a>0,3>0, (24b)
ar =0, Vk € Iy, (24¢)
B =0, Vi € g, (24d)
1y,a= 1,1}Jﬂ: 1,  (24e)
Ta—A;jB=9. (24f)

The following result characterizes the differentiability of F
and its relation to Bj.

Theorem 2: Consider the functions ﬁj defined in (23) and
F; defined in (24). The following statements hold true:

1) The function F} is well-defined and differentiable for any
7j> To € P([No]), and Zs € P([N;]). _
2) For any n;, there exists Z, € P([No]) and Zg € P([N;])
such that Fj(n;; Za, Zs) = hj(n;).
Proof: Given I, € P([No]) and Zz € P([N;]), we
define a matrix

—[Iny ]z, 0 0
0 —[n]z, O
M(Z,,T5) = | 14, 0 0|, (25)
0 1y, 0
r —A; -

where [Iy,]z, and [In;]z, denote the matrix formed by
selecting the rows of Iy, and Iy, indexed by the sets Z,
and Zg, respectively. We will first show that the linear inde-
pendence constraint qualification (LICQ) is satisfied for the
optimization problems and (24). Suppose the solution
to 23) is («*,8*,0%) and the corresponding active sets are
I, ={i € [No] : af =0} and T} = {i € [N;] : B} = O}
Note that LICQ holds if the matrix M (Z;,Z}) has full row
rank. It is straightforward to verify that a; = 0 cannot hold
for all i € [Ny] (i.e., Z # [No]); otherwise the equality
constraints 1y, « = 1 cannot be satisfied. A similar argument
applies to the constraints 8 > 0. Hence, the matrix defined in



(23) has full row rank, indicating that LICQ is satisfied. It can
be shown that LICQ holds for by similar reasoning.

1) Since the QP is strictly convex, the value of F} is
uniquely determined for a given 7);, implying that F}; is well
defined. Moreover, because the LICQ condition holds for @]),
the optimal multiplier is also unique [31, Section 12.2], and
the KKT conditions can be written as

Q="+ AT(my)Xy +GTAG
Gz*
A(n;)z" —b

0. (26)

2R(z* AN, ;)
where z* = [G*T, a*T,ﬁ*T]T, A%, AL denote the multipliers,
Q = blkdiag(21, 26, In,, 2021y, ), b= [0,0,1,1]7, and

—[Inolz. Onoxn;  Owgx2
G = [ 0lLo 0 J 0 , 27
On;xNo  —[In;lzs  Onyx2 (272)
I A, L
Amy)=| 1y,  Onx1 O1xz (27b)
Onox1 1y, Oixe2
Let 2% = [2*T, A%, A5T] 7. Then,
AT GT
or |9
s=1G 0 0 (28)
* A 0 0

Since @ is positive definite and [GT, AT]" has full row rank
following the argument after (23)), it is easy to show that g fi
is nonsingular for any n; € R2MNo+Ni) [3] Lemma 16.1].
According to the implicit function theorem, one can see that
F};, which corresponds to the solution to (24), is differentiable.
2) The second statement follows from the fact that
Fi(n;; 15, 15) = hj(n;), where Z and T} are active sets
of the problem 23). O
From Theorem [2| the gradient of F;(n;;Z,,Z3) with re-
spect to m; can be computed, which is required for the
implementation of the CBF controller. Specifically, denote the
i-th entry of 1; by n;;, ¢ € [2No + 2N;], and take the partial
derivative with respect to 77;; on both sides of 26),

0z* AT (m, i
Q AT 67 ] [T
Alm) 0 0 |2a| | _oATmy .

Omji onj;

Since @ is positive definite and [GT,AT]" has full row
rank, the linear system (29) admits a unique solution. Col-

lecting the solutions for all entries of 7;, we define gf]‘ =
J
9z* 92" . 9z* : — 1T *
[—aml onya am(zwowwj)]' Since F' 52" Qz", the

gradient g—j can be computed as
J

or
om;

_ T (30)
om;

From Theorem [2| we can also see that h; is piecewise dif-
ferentiable [29) Definition I1.9]. By [29} Proposition II1.3], for
any 1; € R2(No+N) there exists a locally encapsulating index

set In,;(1;) € {(Za>Zs) : Zo € P([No]), Zs € P([N;])} such

that the generalized gradient of h; with respect to 7; satisfies

0F(n;;Za,Z3)
on;

A straightforward way to compute I, (n;) is to check the

KKT conditions (26) for all Z,, € P([Ny]) and Zs € P([N;]).

Based on the results above, we define the following candi-
date CBF for any j € [M],

hi(n;) = hj(n;) — (dig, + 65 +63),

oh; C conv{ (ZayIp) € In, (nj)} . (3D

(32)

where 01,02 > 0 are small positive constants. Note that this
CBF is implicitly constructed from the solution h; of opti-
mization (23), which represents a relaxed minimum distance
between polytopes [22], [30].

The following result ensures that the occlusion-avoidance
constraints (T6) are strictly enforced by the CBF-based con-
troller for all ¢ > 0.

Theorem 3: Consider the system in and the CBF de-
fined in (32). Suppose the feature point velocities are bounded,
ie., w;|| < W, for some constant W > 0, ¥j € [0, M] and
Vi € [N;]. If hj(n;(0)) > 0,Vj € [0, M], then any Lipschitz
controller V(n;) € Kgr(n;) £ {V € R® : ¢ j(n;; Lo, Ip)+
V1,0 Za, Lg)V > 0,¥(Za,Ip) € In,;(n;)} ensures that the
occlusion-avoidance constraints are strictly enforced for
all ¢t > 0, where v > 0 is a constant and

aF 7IavI =
Yo, ="7hj =W/ No+N; W‘Sj("h’) ; (332)
J
OF(nj;Za, T _
pry= LT D) g (33b)
nj
Proof: First, we prove that
hi >0 = d(T,0;) > duin- (34)

Let (a*,8*,0%) and (of,[;,0;) be the solutions to the
optimization problems (I3) and (23), respectively. Clearly,
1612 = (T, 0,)% h, = 651 + dulaj 2 + 6165 . and
10711 + dulla||* + 621 8*11* = 10711 + dvllay, |* + 0218 |12

By the definition of hj, hj >0 = [|6; | + 1o [|> +
52| BxlI? > d2;, + 6% + 63. Therefore,

h; >0 = (67461 ||*+62|| 8*(|* > d2i + 05 +65. (35)

Since a* > 0 and 11—\;0 o =1, it follows that 0 < o < 1 for
i € [No], which implies 0 < a}? < o <1, and thus ||o*| <
1. Following the similar argument, ||3*|| < 1. Therefore, from
(35) we have

hj >0 = [6%]* > d2

min»

which implies that holds since ||6*]|2 = d(T, ;).
Next, one can easily see that selecting V € Kpp yields

6F(77j§za715)

o (J;V — Sjw;)
F(n;:T.. T, Fnj;Za, T
s 3L Ty) 5 o ||OFM5: L Ts) o )
on; on;

= —vhj + o+ 1V = —vh;



for any (Za,Zp) € In,;(n;). Then, from [29, Theorem IIL5],

min v (J;V — Sjw;) > —~h;, (36)
where Oh; denotes the generalized gradient of h; with respect
to 17;. According to [29, Theorem II.7], one can conclude that
(36) implies h; > 0, which completes the proof. (]

By Theorem [3] the filtered end-effector velocity Ve,s can
be obtained by solving the following CBF-QP:

‘/cbf =arg min ||V - ‘/mpc||2 (37)
14
st Yo,j(nj;ZasLp) + ¥1,(nj3 Za, Lg)V 2 0,
V] S [ML V(IOMIB) € Ih]-(rlj)7

where V), is obtained from solving the optimization problem
(I9) and g, 41 ,; are defined in (33).

Finally, the control input 7 in can be designed using
standard methods to enable the robot’s end-effector velocity
to track the safe reference velocity V.p¢. For example, defining
the velocity tracking error defined as e = V — V ,y with
dynamics ¢ = J§ + JD Y1 — C¢ — G) — Vg, where
J is the Jacobian, the control input 7 can be chosen as
T = C¢+ G+ DIJ(—Ke — J§ + Vepe) where JT denotes
the pseudo-inverse of J and K € R®*6 is a positive definite
gain matrix.

Remark 4: In practice, the velocity bound W in Theorem
[3is typically chosen empirically. One approach is to assume
bounds on the Cartesian velocities of the target and occluding
objects and then project these bounds into the image plane to
obtain a corresponding bound on W. Alternatively, W can be
estimated using the visual dynamics in conjunction with the
EKF/DOB (see Remark [T).

Remark 5: If the strict complementarity condition ([31}
Definition 12.2]) holds for (23], then fzj is differentiable at the
corresponding point [28, Theorem 1], and the encapsulating
index set coincides with the active sets of (23). Consequently,
the gradient of h; can be obtained by solving the linear system
(29) with Z, = I, and Z3 = 7}, where I, and Z; denote the
active sets of (23).

Remark 6: In practice, the CBF-QP cannot be solved
in continuous time; instead, V is updated in a sampled-
data fashion. To compensate for potential safety violations
introduced by sampling, a correction term can be added into
the CBF condition, modifying the constraint of to

Y0,5(Mj3 Zas Lg) + V1,053 Lo, Ls)V > A,

where A; > 0 is a constant that compensates for the sampling
effect [32], [33]], [34], [35].

Remark 7: In the high-level MPC, the velocity w§ is
estimated, whereas the low-level CBF-QP accounts for its
worst-case value. This distinction reflects a trade-off between
performance and guaranteed occlusion avoidance. MPC pri-
oritizes performance and operates at discrete time instances;
it cannot ensure strict occlusion avoidance, so using velocity
estimates - despite potential inaccuracies - is acceptable. When
sufficiently accurate, these estimates can improve control
performance compared with using the worst-case value. In
contrast, the CBF-QP prioritizes strict occlusion avoidance,
requiring the worst-case velocity to guarantee safety.

V. EXPERIMENTAL RESULTS

In this section, we present experimental results that validate
the proposed hierarchical control framework for occlusion-free
visual servoin All experiments are conducted on a Franka
Research 3 manipulator equipped with an Intel RealSense
D435i camera mounted on its end-effector, as illustrated in
Figures 3] and [4] The camera streams RGB images at 30 Hz
with a resolution of 1280 x 720 pixels. An AprilTag is attached
on the end-effector of a UFactory xArm 7 manipulator to serve
as the target object. The control framework is implemented on
an workstation (Intel Core i5-13500 @ 2.5 GHz, 16 GB RAM)
for MPC and CBF computations, and an NVIDIA Jetson
AGX Orin (2048 CUDA cores, 64 Tensor Cores) for image
processing. The two devices communicate via a direct Ethernet
connection using the UDP protocol with 72-byte datagrams.

A. Experimental Setup

1) Object Representation: AprilTag markers from the
Tag36hl11 family are used to represent both the target and
occluding objects. The target is an AprilTag (ID: 0) mounted
on the end-effector of the XxArm 7 manipulator. Up to three
additional AprilTags (IDs: 1-3) are mounted on adjustable
support stands and serve as occluding objects.

2) Image Processing: We employ a GPU-accelerated April-
Tag detection pipeline implemented in NVIDIA Isaac ROS,
fed by an Intel RealSense D435i connected via USB 3.0. RGB
images are processed to detect tag corners, rectify tag regions,
and decode tag IDs. For each verified tag, a Perspective-n-
Point (PnP) problem is solved to estimate its 6-DOF pose
(°pj,“q;), including position and unit-quaternion orientation
in the camera frame. From this, the depth of each corner is also
obtained. The detection output, D; == (4, {¢i}i;, “pj, “qj),
provides the ID, image corners, and 3D pose, which are then
used by the visual servoing controller.

3) MPC Setup: The high-level MPC is implemented using
CasADi [36] with automatic C code generation and solved
using [POPT at 10 Hz. At each time step k, the image
coordinates 7 of the AprilTag feature points are extracted, and
their velocities wé(k:) are estimated using the EKF described
in Remark |1} yielding the filtered states 7;(k). Using these,
the point set matrices I',, and Aj, are computed and the
optimization problem (I9) is solved.

4) CBF-QP Setup: The low-level CBF controller employs
OSQP [37] to solve the QP (37), using the CBFs h; from
and the nominal input Vi, = V(0|k) provided by the high-
level MPC. Its solution, V¢, is sent to the Franka Control
Interface to command the robot. The CBF-QP-based controller
runs at 30 Hz, synchronized with the camera’s RGB image
stream.

B. Experimental Results

We consider scenarios with one, two, and three static
occluding objects, as well as a scenario with one dynamic

The code is available at |https://github.com/wisc-arclab/tcst-safe-vs, and
the video of the experimental results is available at https://drive.google.com/
file/d/135s5m_QnlaoAmMeny W76 TDUDS16gIN2D/view ?usp=sharing,


https://github.com/wisc-arclab/tcst-safe-vs
https://drive.google.com/file/d/135s5m_QnlaoAmMenyW76TDUD5l6glN2D/view?usp=sharing
https://drive.google.com/file/d/135s5m_QnlaoAmMenyW76TDUD5l6glN2D/view?usp=sharing

Figure 3: Experimental setup for validating the proposed hier-
archical control framework for occlusion-free visual servoing.
A Franka Research 3 manipulator (right), equipped with an
Intel RealSense D435i camera mounted on its end-effector,
tracks a target AprilTag (ID: 0) fixed to the end-effector of
a UFactory xArm 7 robot (left). Three occluding AprilTags
(IDs: 1, 2, 3) are placed on adjustable-height stands to simulate
occlusions. The top-left inset shows the camera view from the
RealSense D435i during the experiment.

occluding objects. These scenarios are constructed with pro-
gressively increasing occlusion complexity. The proposed hier-
archical control framework is evaluated against the high-level
MPC (]E[) alone, i.e., without the low-level CBF-QP controller.
For all experiments, the safety margin in (T6)) is set to dyin =
20 (pixels), with 1, do selected as 01 = do = 0.1. Here, dp;iy
is a tunable parameter chosen to balance experimental clarity,
baseline comparability, and robustness to sensing limitations.
In (]1;9[), the prediction horizon is N = 7, and the weight
matrices are selected as Q = Ig € R®*8, Qn = 5Ig € R®*3
and R = 10° x diag(1.5,1.5,1.5,1,1,1) € R6%6,

Figure [5] shows snapshots of experiments with static and
dynamic occluding objects, while Figure [f] illustrates the
evolution of the distances between the target and the obstacles.

1) Static Scenarios: In the static scenarios, the occluding
objects remain stationary along the moving target’s path, while
the target follows a trajectory toward the Franka manipulator.
The velocity bound W in Theorem [3] is set to W = 0.015.

Figure |§| (a)-(c) shows camera snapshots for experiments
with one, two, and three static occluding objects. AprilTag
centers are annotated with their IDs, and tag corners are num-
bered clockwise from 0 to 3. Occlusion zones are highlighted
by yellow squares with a 20-pixel safety margin, meaning
the occlusion-avoidance constraint (T6) is satisfied whenever
the target’s feature points remain outside the overlaid yellow
squares. The target (AprilTag 0) is enclosed in a green box
when persistently visible; the absence of the box indicates
loss of recognition due to occlusion. In each scenario, the top
row depicts the proposed hierarchical controller (high-level
MPC with low-level CBF-QP), while the bottom row shows
the high-level MPC alone, where V' (0|k) is sent directly as the

Figure 4: Superimposed camera frames illustrating the dy-
namic occluding object scenario. The target (AprilTag ID: 0,
attached to the xArm gripper) moves along its trajectory while
object 1 advances toward it. Objects 2 and 3 remain stationary
throughout the experiment.

reference input to the Cartesian velocity tracking controller.
Each row presents the initial (left), intermediate (middle), and
terminal (right) phases from both the camera and a third-
person view.

Figure |§| (a)-(c) shows the distance profiles between the
target and the occluding objects for the three static scenarios.
The results indicate that the high-level MPC alone fails to
consistently enforce the occlusion-avoidance constraint (T6):
in the one-occluding-object case, the minimum distance drops
to dpmin = 12.87 pixels at ¢t =~ 4.4 s; in the two-occluding-
object case, the minimum distances are dy,;, = 7.43 pixels
at t ~ 9.3 s with Object 1 and d,;;, = 11.25 pixels at
t ~ 10 s with Object 2; and in the three-occluding-object
case, the distance between the target and Object 3 reduces to
zero at t ~ 12 s. By contrast, the hierarchical controller strictly
enforces the distances near or above the 20-pixel safety margin
in all three scenarios (with only minor single-pixel deviations
due to measure noise or hardware disturbances).

2) Dynamic Scenario: To further demonstrate the real-time
reactive capability of the hierarchical control framework, we
consider a dynamic scenario in which both the target and an
occluding object are moving. Figure @] shows superimposed
camera frames, with three occluding objects (AprilTag ID: 1-
3): objects 2 and 3 remain stationary, while object 1 moves
toward the target, creating a dynamic occlusion threat. The
velocity of objective 1 is estimated using the EKF. The
obstacles are manually displaced by dragging the base linkage
of the support structure, thereby simulating occluding objects
with unpredictable velocities, as often encountered in real-
world environments. The velocity bound W in Theorem [3] is
set to W = 0.075.

Figure [3] (d) shows camera snapshots for the dynamic
scenario. As shown in Figure |§| (d), d(T,01) decreases to
20 at t =~ 6.6 s and drops to zero at t ~ 11.5 s, resulting in
persistent occlusion and target recognition failure. In contrast,
the hierarchical controller successfully navigates around the
moving obstacle with a considerable margin, strictly enforcing
the occlusion-avoidance constraint (T6) throughout the entire
operation. Objects 2 and 3 exit the camera’s field of view at
t =~ 11 s for both controllers.



Results from the static and dynamic experiments above
demonstrate the effectiveness of the hierarchical control frame-
work, where the high-level MPC ensures performance and tar-
get regulation, while the low-level CBF-QP controller enforces
strict safety by filtering the MPC inputs in real time.

Table [I| summarizes the computation times for the MPC
and CBF-QP controllers across different experimental scenar-
ios, reporting the mean, minimum, maximum, and standard
deviation computed from 1000 iterations per scenario. The
results confirm that the MPC problem (10 Hz) and the CBF-QP
(30 Hz) can each be solved within their respective sampling
periods. In particular, the CBF-QP accounts for less than 1%
of the total computation time, introducing a nearly negligible
computational burden relative to the MPC.

Table I: Computation Times for Different Scenarios

Controller Compufatlon Time (ms)
Mean [ Min. [ Max. [ Std.
Static Scenarios

. . MPC 23.721 | 16.450 | 33.102 | 3.145

1 occluding object
CBF-QP | 0.116 | 0.085 | 0.152 | 0.012
. . MPC 35311 | 31.220 | 40.895 | 1.988

2 occluding objects
CBF-QP | 0205 | 0.160 | 0.265 | 0.021
. . MPC 41.338 | 29.550 | 58.112 | 4.875

3 occluding objects
CBF-QP | 0.303 | 0.255 | 0.380 | 0.019

Dynamic Scenario

. . MPC 42.515 | 35.101 | 51.440 | 3.220

3 occluding objects
CBF-QP | 0.331 0.275 | 0.410 | 0.025

VI. CONCLUSION & FUTURE WORK

This article presented a hierarchical, optimization-based
visual servoing control scheme for robotic manipulators that
guarantees occlusion-free operation by integrating a high-
level MPC with a low-level CBF-QP controller. By lever-
aging the vertex-based representation of object images and
a duality-based optimization approach, we reformulated oc-
clusion avoidance into differentiable constraints that can be
seamlessly incorporated into both the MPC and CBF design.
The resulting framework achieved simultaneous regulation
of target feature points and strict continuous-time occlusion
avoidance. Hardware experiments on the Franka Research
3 manipulator validated the effectiveness of the proposed
approach.

We plan to extend this work along several directions.
First, we will mitigate the computational burden introduced
by the V-rep formulation by developing culling strategies to
eliminate irrelevant occluding objects and leveraging parallel
computation techniques to accelerate the MPC. Second, we
will investigate the compatibility of multiple CBFs for robotic
manipulators to address feasibility issues in the CBF-QP with
multiple constraints, exploring both formal characterization of
compatibility conditions and the synthesis of a single CBF
from multiple occlusion constraints. Finally, we aim to apply
the proposed framework to more complex and challenging
visual servoing tasks in robotic manipulation.
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(d) Scenario 4 with one dynamic occluding objects: hierarchical controller (top row) versus MPC alone (bottom row)

Figure 5: Snapshots of experiments for static and dynamic occluding objects. In each scenario, the top row displays the
proposed hierarchical controller, which includes a high-level MPC and a low-level CBF-QP controller, while the bottom row
shows the high-level MPC alone. In each row, the initial (left), intermediate (middle), and terminal (right) phases are shown
from both a camera and a third-person view. Across all experiments, a UFactory manipulator with an AprilTag (ID 0) on its
end-effector follows a linear trajectory toward a Franka manipulator. Occlusion zones are highlighted by yellow squares with
a 20-pixel safety margin. AprilTag centers are annotated with their IDs, and tag corners are numbered clockwise from 0 to 3.
The target (AprilTag 0) is enclosed in a green box when it is persistently visible, with the absence of the box indicating a loss
of recognition due to occlusion.
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Figure 6: Evolution of the distance between the target and the occluding objects across four experimental scenarios. In the
legend, “Obj1” denotes d(T, @1), etc. In the static scenarios shown in (a)-(c), the high-level MPC alone fails to maintain the
occlusion-avoidance constraint d(T, @j) > 20 pixels, as the minimum distance drops below 20 for some occluding objects. In
the dynamic scenario shown in (d), MPC alone allows d(T, Q1) to decrease to 20 at ¢t ~ 6.6 s and drop to zero at ¢ ~ 11.5 s,
resulting in persistent occlusion and target recognition failure. Objects 2 and 3 exit the camera’s field of view at ¢ ~ 11 s for
both controllers. In contrast, the hierarchical controller strictly enforces the occlusion-avoidance constraints in all scenarios,
keeping distances near or above the 20-pixel safety margin, with only minor single-pixel deviations due to measure noise or
hardware disturbances.
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